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ABSTRACT

In this paper, we define generalized Geraghty - Gornicki map, generalized Boyd and Wong - Gérnicki
map, and generalized weakly Garnicki map and prove the existence and uniqueness of fixed points of
these maps in complete metric spaces. These maps are not necessarily be continuous. Examples are
provided in support of our results. Our results generalize some of the existing results.
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I. Introduction

Fixed point theory has been an attractive field of research to many researchers since 1922 with the
famous Banach contraction principle [3], a technique that provides to solve variety of principle
problems in mathematical sciences and engineering. Subsequently, this result was extended and
generalized by several authors using various contraction/contractive conditions.

A mapping T on a metric space (X, d) is called Kannan map if there exists a € [O, %) such that

d(Tx,Ty) < a(d(x, Tx) + d(y,Ty))
for all x,y € X. In the year 1968, Kannan [15] proved that if (X,d) is complete and T is a Kannan
mapping on X, then T has a unique fixed point in X. Kannan [16] provided examples which show that
Kannan’s fixed point theorem is independent of the Banach contraction principle and Kannan mapping
need not be continuous. Based Kannan’s fixed point some generalizations are made by Gornicki’s
[14]. Several authors generalized Kannan’s fixed point theorem, see [1], [6], [7], [9]-[13], [15], and
[17]-[24].
In 2019, Garnicki [13] considered the following type of mappings in metric spaces, which we call

Gornicki maps.

Theorem 1.1. Let (X,d) be a metric space and T: X — X is a continuous asymptotically regular
mapping and if there exists 0 < M < 1 and 0 < K < +oo such that

d(Tx, Ty) <M d(x,y) + K{d(x,Tx) + d(y,Ty)} (1.1)

for all x,y € X, then T has a unique fixed point p € X and T"x — p for each x € X.

A map T that satisfies condition (1.1) is called a Gornicki map. Here we note that such T need not
be continuous. For more details, we refer [14].
Definition 1.2. [7] A self map T of a metric space (X,d) is said to be asymptotically regular if
Aljgo d(T™1x,T"x) = 0 forall x € X.

Definition 1.3. (Ciri¢ [8]) Let T be a self map of a metric space (X, d). Let x € X then the set
O(T,x) ={T"x:n = 0,1,2, ...} is called the orbit of T at x. T is called orbitally continuous at a point
z € X if for any sequence {x,,} ¢ O(T, x) for some x € X, x,, —» z implies Tx,, > Tzasn — .

Here we note that every continuous self map of X is orbitally continuous but its converse is not true
[8].

The weaker form of continuity is defined by Pant and Pant [20] as follows: a self mapping T of a
metric space (X, d) is called k-continuous, k = 1,2,..., if T*x, — Tz whenever {x,} is a sequence
in X such that T*¥~1x, — z asn — oo. For more details, we refer Pant and Pant [20] and Gérnicki [14].
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In 2019, Bisht [4] and Gérnicki [14] proved the following theorem.
Theorem 1.4. If (X,d) is a complete metric space and T : X — X is an asymptotically regular
mapping and if there exists 0 < M < 1 and 0 < K < +oo such that satisfying condition (1.1), then T
has a unique fixed point p € X provided T is either k-continuous for some k > 1 or orbitally
continuous. Additionally, T"x — p for each x € X.
Notation 1.5. Let § = {a:[0,») - [0,1)/a(t,) » 1 =1, = 0}. (We do not assume that a is
continuous in any sense).
Theorem 1.6. [14] Let (X, d) be a metric space. We considered a new type of mappings 7 : X - X
to satisfy the following condition: there exists « € §, 0 < K < oo such that

d(Tx, Ty) < a(d(x,y)).d(x,y) + K.{d(x, Tx) + d(y, Ty)} (1.6.1)

forall x,y € X. If T is k-continuous for some k > 1 or T is orbitally continuous, then T has a unique
fixed point z € X and foreach x € X, T"x - zasn — oo,

We call a map that satisfies (1.6.1) is called a Geraghty - Garnicki map.

The next result is inspired by theorem of Boyd and Wong [5].

A mapping T satisfying d(T x,T y) < ¢(d(x,y)),@(t) < 7 foreach t > 0 may not posses a fixed
point unless some additional condition is assumed on ¢. Boyd and Wong [5] assumed ¢ to be upper
semi-continuous from the right.

7, >
v

Theorem 1.7. [14] Let (X,d) be a metric space. Assume that T : X — X satisfies the following
condition: there exists « € §, 0 < k < oo such that

d(Tx, Ty) < o(d(x,¥)) + K.{d(x,Tx) + d(y, Ty)} (1.7.1)

forall x,y € X. If T is k-continuous for some k > 1 or T is orbitally continuous, then T has a unique
fixed point z € X and foreach x € X, T"x - zasn — oo,

We call a map that satisfies (1.7.1) is called a Boyd and Wong - Gérnicki map.
To prove our main results, we use the following lemma.
Lemma 1.8. [2] Suppose (X, d) be a metric space. Let {x,,} be a sequence in X such that d (x,,, x,4+1) =
0 as n — oo. If {x,,} is not a Cauchy sequence then there exist an € > 0 and sequences of positive
integers {m;} and {n;} with m; > n; > i such that d(x,,, x,,) = €, d(xpm,—1,%,,) < € and

(l) l.li_g})d(xmi—lrxnﬁl) =€,
(i) lllrg d(xmi,xni) =€

(iii)d(xmi_l,xni) = €,

I1. Fixed points of weakly Gornicki map
In the following, we define generalized weakly Gaornicki map.
Definition 2.1. Let (X, d) be a metric space and T: X — X. If there exists ¢ € @, and K > 0 such
that

d(Tx,Ty) < d(x,y) — <p(d(x, y)) + K A{d(x,Tx) +d(y, Ty)}, (2.1.1.)
for each x,y € X, where R* = [0, ) and we denote
@ = {p:R* - R* /¢ is continuous and ¢(t) = 0 if and only if = 0}. Then we say that T is a
weakly Garnicki map.
Theorem 2.2. Let (X, d) be a complete metric space and T: X — X an asymptotically regular mapping.
Assume that T is a weakly Garnicki map. If T is k-continuous for some k > 1 or T is orbitally
continuous, then T has a unique fixed point.
Proof: Let x, € X. We define the sequence x,,,; = Tx,, for n=10,1,2, ...
If TPx = TP*1x for some p € N, then T(T?x) = TPx is the fixed point of T.
We now assume, without loss of generality, that x,,,, # x,, for every n € N.
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By using Lemma 1.8, there exists € > 0 and sequences of positive integers {m;} and {n;} of positive
integers with m; > n; > i such that d(x,,, x,,) = €, d(xm,—1,%n,) < € and (i), (i) and (iii) of
Lemma 1.8., hold. We now consider
d(xnir xmi) < d(xni: xni+1) + d(x‘l’li+1’ xmi+1) + d(xmi+1'xmi)

= d(xni'xni+1) + d(xni’xmi) - (d(xni’xmi))

+K. {d(xni’ xni+1) + d(xmi’ xmi+1)} + d(xmi’ xmi+1)

= d(xni;xmi) - (d(xni'xmi)) + (K + 1) [d(xni;xni+1) + d(xmi' xmi+1)]
On letting i — oo and by using asymptotic regularity and continuity of ¢, we obtain
¢ (€) = 0 which imples that e = 0, a contradiction.

Therefore {x,, } is a Cauchy sequence.
Since X is complete lim x,, = z € X.

i—>oo

Suppose T is k —continuous. Let {x,,} be a sequence in X such that T*~1x,, — zasn — oo.
Then T*x, > Tzasn — o,
Also, T*x,, = x4, = z asn — oo, and hence it follows that Tz = z.
Suppose T is orbitally continuous.
Let {x,,} be a sequence in O(T,x) such that x,, -» z,z € X. Then x,,,.; = Tx,, » Tzasn — oo,
Therefore Tz = z.
Therefore z is a fixed point of T.
We now show the uniqueness of z.
Suppose y is another fixed pointof T; Ty =y, Tz = z.
Suppose y # z. We consider
d(z,y) = d(Tz,Ty) < d(z,y) — ¢(d(z,y)) + K{d(z,Tz) + d(y,Ty)}
= d(z,y) — ¢(d(zy)) + K{d(z,2) + d(y,y)} < d(z,y),

) >
vl

a contradiction.

Therefore z is the unique fixed point of T.

Hence, the theorem follows.

Remark 2.3. Theorem 1.1. follows as a Corollary to Theorem 2.2. by choosing ¢: R* - R* by
@(t) = (1 —M)t,t = 0 inthe inequality 2.1.1.

Example 2.4. Let X = [0,2] with usual metric. Define T:X —» X by Tx = {

L ifo<t<1

Let p: R* - R* by ¢(t) = tjl’ : Then ¢ € @.
if t>1

1, if 0<x<1
0, if  x>1"

m,
Clearly, T is asymptotically regular.
We now verify the inequality (2.1.1.). Suppose x € [0,1] and y > 1.

If y —x € [0,1] implies ¢(d(x,y)) = y{;‘l , then
d(Tx,Ty)=1<1-x+Yy
Syj_];jl+ 2(1—-x+7y)
Sy—x—yj_';i1+2(1—x+y)

=d(x,y)— (p(d(x,y)) + K.{d(x,Tx) + d(y,Ty)} with K = 2.

1

If y —x > 1implies ¢(d(x,y)) = g then
d(Tx,Ty)=1<1-x+y
1
Sy_x+1+2(1—x+y)
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1

p— +2(1—-x+y)
=d(x,y) — (d(x,y)) + K.{d(x,Tx) + d(y, Ty)} with K =2

So the inequality (2.1.1.) holds with K = 2 in this case.
Similarly, the inequality (2.1.1.) holds for the case y € [0,1] and x > 1.
In the other cases, the inequality (2.1.1.) holds trivially.
Then T satisfies the inequality (2.1.1.) and all the hypotheses of Theorem 2.2. and clearly 1’ is the
unique fixed point of T.

7, >
v

<y—x-—

I11.  Fixed Points of generalized Geraghty- Garnicki map

Here we define generalized Geraghty- Garnicki map.

Definition 3.1. Let (X, d) be a metric space and T: X — X. If there exists a@ € §, and K > 0 such that
d(Tx,Ty) < a(M(x, y)).M(x, y)+ K.A{d(x, Tx) + d(y,Ty)}, (3.1.1.)

for each x,y € X where M(x,y) = {d(x, y),d(x, Ty),d(y, Ty),w}
is generalized Geraghty- Gérnicki map.
Theorem 3.2. Let (X,d) be a complete metric space and T:X — X be an asymptotically regular
mapping. Assume that T is a generalized Geraghty- Gornicki map. If T is k-continuous for some k >
1 or T is orbitally continuous, then T has a unique fixed point.
Proof: Let x, € X. We define the sequence x,,., = Tx,, forn =0,1,2, ...
If x,,+1 = x,, for some n, then we have Tx,, = x,,.
By choosing z = x,,, we have Tz = z and the conclusion of the theorem follows.
We now assume, without loss of generality, that x,,,; # x,, for every n € N.
By using Lemma 1.8, there exists e > 0 and sequences of positive integers {m;} and {n;} of positive
integers with m; > n; > i such that d(x,,, xn,) = €, d(xXm,—1,%y,) < € and (i), (it) and (iii) of
Lemma 1.8., hold. Now we consider
d(xni’ xmi) = d(xni’ xni+1) + d(x"i+1’xmi+1) + d(xmi+1' xmi)
< d(xni, xnm) +a (M(xni, xmi)> . M(xnl., xmi)
+K. {d(xni,xnm) + d(xmi,xmm)} + d(xmi,xmm)

=« (max {d(xni' xmi)' d(xni' xni+1)’ d(xmi, xmi+1), d(xni'xmi+1):d(xmi.xniﬂ)

d(xni' xmi+1) + d(xmi' xni+1)}
2

. Then we say that T

max {d(xni’ xmi)’ d(xni’ xni+1)’ d(xmi' xmi+1)’

+(K + D). [d(xn, %0, ) + Ay Xmy, )]
on letting i —» oo and by using asymptotic regularity we obtain
€ = lim d(xni,xmi)
L—>00

EZE€

d(x”i’xmi+1)+d(xmi'xni+1 )})

< lima <max {d(xni’ xmi)’ d(xni’ xni+1)’ d(xmi’ xmi+1)' 2

>0

it follows that
lim « (max {d(xnp xmi)J d(xnl-' xni+1)' d(xmi' xmi+1)' d(xni’xmiﬂ)+d(xmi,xni+1)}) -t

i—oo 2
Thus, by the property of a € §, we have
lim a (max {d(xni, xmi), d(xnl., xniﬂ), d(xmi, xmiﬂ),

L—>00

Thus, we have

lim d(xni,xmi) =0,
L—>00

d(xni' xmi+1) + d(xmi'xni+1)}> — 0
2 .
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which is a contradiction.

Therefore {x, } is a Cauchy sequence.

Since X is a fixed point of T follow as in the proof of Theorem 2.2.
We now show the uniqueness of z.

Suppose y is another fixed pointof T; Ty = y,Tz = z.

Suppose y # z. We consider

d(z,y) =d(Tz,Ty) < a(M(z,y)).M(z,y) + K{d(z,Tz) + d(y,Ty)}
=q <max {d(z, y),d(z,Tz),d(y,Ty), d(z,Ty) +d(y, TZ)}).

2
max {d (z,¥),d(z,Tz),d(y, Ty), w}
= a(d(z,y))d(z,y) < d(zly),

) >
vl

+ K{d(z,2z) +d(y,y)}

a contradiction.
Therefore z = y and z is the unique fixed point of T.
Hence the theorem follows.

Example 3.3. Let X = [0,1] with usual metricand T: X —» X by Tx = % for all x € X. Define
a:[0,00) — [0,00) by a(t) = l%t,t > 0. Then a € §. We now verify the inequality (3.1.1).

2
Tx = x? Then
x2 (x2)?
2. _ _
T*x _T<7> T p2+1
x4 (x2)*
3. _ _
Tox = T(f) T 92(3)+1

on continuing this process,

T"x = _22n—1; T x = 22n+1_1';
271 271+1
lim d(T™x, T""1x) = lim |[T"x — T""1x| = lim *__Z
) - - 2n_1 2n+1_q
n—oo n—oo n-o |2 2
= 2. lim C
= 4 Moo = ondt

= 2.lim [ (1 - 2)

=2.<(§)2n.(1—212)>—>0asn—>oo

Therefore T is asymptotic regular.
Letx,y € X.
2

Now, d(x,Tx) + d(y, Ty) = |x — §| + |y — y?

Without loss of generality, we assume that x < y. Then
1, L, 1 o X? x y?
dTxTy) =5 (" —y) <G +y—x—-y)=—+5-o-=
S|
2 2
<K=+ ]y -
=K [d(x,Tx) + d(y,Ty)], with K = 1.

2
<

Therefore the inequality (3.1.1) holds.

Note that T is continuous and satisfies all the hypotheses of Theorem 3.1 and it has a unique fixed
point '0’.
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_ . . 1, if0<x<1
Example 3.4. Let X = [0,2] with the usual metric. Define T: X — X by Tx = {x
2 )

Let {x,,} be a sequence in [0,2] such that Tx,, » t asn — o i.e., lim x,, = 2t.

n—-oo
a:[0,00) — [0,00) by a(t) = ﬁ,t >0.Thena € §.
Let1 <x <2.Then

T_x
X=3

T'x = zi n=12,.
Now d(T™*1x, T"x) = 2n+1 — = =

Therefore T is asymptotically regular on (1,2].

Clearly T is asymptotically regular on [0,1], hence T is asymptotically regular on X.
Let us now verify the inequality (3.1.1).

Case (I): Letx € [0,1] and y € (1,2].

X X

g > 0asn o oo

y
—x, x <=
Thend(x, Ty) =d x,X x—== 2
=G =h-4-£ 257
Subcase (i): x < %
In this case,
1
M(xy)—max{y x,1— 2;[——x+y—1]}
3y—2x-2
=max{y—x,1—x,%,yT}.
Since y > 1and x < 2, we have
3y—2x—2
M(x,y) = max {y - X, YT} (3.4.1)

M(x,y) =y — x, then

d@%ﬁ0=1—%<1+%
< +1—x+—
1+y x

= a(M(x, y)).M(x, y) + K [d(x,Tx) +d(y,Ty)]withK = 1.
3y 2x-2 . . . 3y 2x-2
If ———is the maximum of (3.4.1), i.e., M(x,y) = ——— then
y y

dT,T =1-2<1+%
(Tx,Ty) > +3

< ( * ).3y_2x‘2+-1-+§

3y—2x+2 4
3y—2x-2
<=4
3y—2x+2 2
3y—2x-2
e
3y—2x+2 2

= a(M(x, y)).M(x, y)+ K [d(x,Tx) +d(y, Ty)] with K = 1.

Subcase (ii): x > g
In this case,

M(x,y)=max{y—x,1— %%[ ——+y—1]}
=max{y—x1 %2954 }Slncey>1andx> we have
M(x,y) —max{y %} (3.4.2)
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If M(x,y) = %then we verify (3.2.1) as follows

) >
Winga

y y

Tx,Ty) =1—-=<1+=

d(Tx, Ty) 5 +2
S 4142

2+y

< X +1-x+2
2+y 2

= a(M(x y)).M(x y)+ K [d(x,Tx) + d(y,Ty)] with K = 1.

2x+y 2

Suppose M(x,y) = . Then

d(Tx,Ty)zl—%Sl %
<2tymz 4 Y
2x+y+2 2
<ZIV2 g x4l
2x+y+2 2

=a(M(x,y)).-M(x,y) + K [d(x,Tx) + d(y, Ty)] with K = 1.
Case (I): Let x,y € (1,2]

d(Tx, Ty) = ( _) |___
d(x,y) = |x =y
d(x,Tx)zd(x,;): x_g zg
0,1 =d(v.3) = |y-3| =2
d(x,Ty)=d(x,§)= x_%
0,1 =d(v.5) =y -5

Therefore d(Tx, Ty) = %Ix —y| < K[d(x,Tx) + d(y,Ty)] with K = 1.

So, clearly in this case the inequality (3.1.1) holds.

Case (111): Lety € [0,1] and x € (1,2]
X X
d(Tx, Ty) = |1 _E| =1-3

dix,y) =|lx—yl=x—y
d(x,Tx) = |x——|——

dy,Ty) =d(y,D=|y-1=1-y
d(x, Ty) =d(x,1) = |x — 1] —x— 1

X
__y’ x
2
aw19=463) b3
_E’ s<y
Subcase (i): > <y
In this case, M(x,y) = max{x—y,-,l s 1+__y}
3x-2y-2

=max{x—y,5,1—y, }Sincey<xand§<y
M(xy) =7
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7, >
v

X
d(Tx,Ty) =1 -3

= a(M(x, y)).M(x, y)+ K [d(x,Tx) + d(y, Ty)] with K = 1.
Subcase (ii): g >y

x—-1+y-3
2
X—2+2y

In this case, M(x,y) = max {x - y,g, 1-y,

=max{x—y,§,1—y, }Sincey<xand§>y

M(xy) = >
X
d(Tx,Ty) =1 —3

ST +2+1-y
=a(M(x,y)).-M(x,y) + K [d(x,Tx) + d(y, Ty)] with K = 1.

So, clearly in this case the inequality (3.1.1) holds.

In all cases T satisfies the inequality (3.1.1) with K = 1 and hypotheses of Theorem 3.2 and it has

unique fixed point '1’.

IV.  Fixed points of Boyd and Wong - Garnicki map
Here we define generalized Boyd and Wong- Gérnicki map.
Definition 4.1. [13] Let ‘U denote the class of all mappings ¢: [0, ) — [0, o) satisfying
(D)) <tforallt>0
(ii) ¢ is upper semi-continuous, that is, t,, = t = 0 = limsup,_.@(t,) < @(t).
Definition 4.2. Let (X, d) be a complete metric space. Let T: X — X. If there exists € U,
0 < K < o, such that

d(Tx,Ty) < (M(x,y)) + K.{d(x,Tx) + d(y, Ty)} (4.2.1)

foreach x,y € X where M(x,y) = max {d (x,y),d(x,Tx),d(y, Ty),w} thenwe call T is
a generalized Boyd and Wong- Gérnicki map.

Theorem 4.3. Let (X, d) be acomplete metric space and T: X — X an asymptotically regular mapping.
Assume that T is a generalized Boyd and Wong- Garnicki map. If T is k-continuous for some k > 1
or T is orbitally continuous, then T has a unique fixed point z € X and for each x € X, T"x —
zasn — oo,
Proof: Let x € X and define x,, =T"x, n=1,2, ...
If TPx = TP*1x for some p € N, then T(TPx) = TPx, so TPx is a fixed point of T.
Suppose T™*1x # T™x, forall n > 0.
By using Lemma 1.8, there exists e > 0 and sequences of positive integers {m;} and {n;} of positive
integers with m; > n; > i such that d(x,,, x,,) = €, d(Xm,—1,%n,) < € and (i), (it) and (iii) of
Lemma 1.8., hold. Now we consider
d(xni:xmi) < d(xni:xni+1) + d(xni+1»xmi+1) + d(xmi+1'xmi)

= d(xni’ xni+1) % (M(xni’xmi)) t K. {d(xni’xni+1) + d(xmi' xmi+1)}

+ d(xmi'xmi+1)
i (max {d(xni’ xmi)’ d(xni’ xni+1)’ d(xmi’ xmi+1)’ d(xni'xmi+1)+d(xmi’xni+1)}>

2
+(K + 1). [d(xni,xniﬂ) + d(xmi,xmiﬂ)]
on letting i — oo, by using asymptotic regularity and upper semi-continuity of ¢, we obtain
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€= llLrg d(xni,xmi)

) >
vl

< limsup ¢ (max {d(xm, X, )r (X Xn41), A (s X1, d(x"i‘x’”i“):d("’"i"‘”i“)D
>0
<¢(e) <e,

which is a contradiction.
Hence, {x,,} is a Cauchy sequence.
Since X is complete, lim x, = z € X.
n—-00
This z is a fixed point of T follow as in the proof of Theorem 2.2.
We now show the uniqueness of z.
Suppose y is another fixed pointof T; Ty =vy,Tz = z;
Suppose y # z.
d(Tz,Ty) < o(M(z,y)) + K{d(z,T2) + d(y, Ty)}

=¢ <max {d(z, y),d(z,Tz),d(y, Ty), d(z,Ty) _; d(y, T2)

= ¢ (max {d(z, y),d(z,2),d(y,y), w})

}) + K{d(z,2z) + d(y,y)}

2
d(z,y) =d(Tz, Ty) < ¢(d(z,y)) < d(z,y), a contradiction.
Therefore z = y and z is the unique fixed point of T.
Hence, the theorem follows.
0,if 0<x<1

Example 4.4. Let X = [0, o) with usual metric. Define T:X — X by Tx = {xx: ifl<x<oo

Lifo<t<1
Letp € U, and () =1, .

> f1<t<o
Let 1 < x < oo. Then

Tx =
x+1
T"x =

X n=1,2,.. . Therefore

nx+1’

lim d(T™"*1x, T"x) = lim | ad N |
n-co ’ nsol|l(n+Dx+1 nx+1
= lim T — Ll =0
n—oo (Tl+1)+; Tl+;
Hence T is asymptotically regular.

Case |: Suppose x € [0,1) and y € [1, )
d(Tx,Ty) = |0 —

y |: y
y+1 y+1
dx,y)=lx—yl=y—x
d(x,Tx) =|x—0| =x

y y

d ,T :| —_——_—] = _——_—

».Ty) = |y S+ 1 y y+1
d T _ y | _ _yil-l if _yil-l
(x, y)_|x_y+1 Tl —xifx <X
y+1 y+1

dy,Tx) =ly—-0[ =y
(1): Let us consider the case x > ﬁ in this case,
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) >
vl

y
X———+Yy
M(x,y) = max y—x,x,y—yil, y;
— y 1 y
—max{y—x,x,y—ﬁ,z(x—m+y)} (4.4.1)

(2 i v
M(x,y) = 2(x y+1+y) since x < y and x =

Ify—ﬁ € [0,1) implies M(x,y) = %(3’ —yy ) then

+1

d(Tx,Ty)=)%Sy—ﬁ
S%(y—ﬁ)+2(x+y—ﬁ)

= o(M(x,y)) + K.{d(x,Tx) + d(y, Ty)} with K = 2

. . 1
Ify — ﬁ € [1, 0) implies M(x,y) = -, then
y y

Tx,Ty) = —— < y — ——
d(Tx, Ty) y+1_y

= o(M(x,y)) + K.{d(x,Tx) + d(y, Ty)} with K = 2

Let us consider the case x < ﬁ in this case,
y

M(x,y) =max{y—x,x,y — Yt
Yy y XY F 1 >
= — Yy Yy _
max {y X, X,y y+1,2(y+1 x+y)} (4.4.2)

M(x,y)=y—x sincex<yandxsﬁ
If y —x € [0,1) implies M(x,y) = g(y — x), then
d(Tx,Ty) = 2 <y -2

y+1 — y+1
Yy
Sx+y—m
Ty — _
Sg(y x)+2(x+y y+1)

= <p(M(x, y)) + K.{d(x,Tx) + d(y,Ty)} with K =2
If y —x € [1,0) implies M(x,y) = % then

d(Tx,Ty) = 2= <y -

SZ(x+y—L)

y+1
1
< > +2 (X +y-—- ﬁ)
= <p(M(x, y)) + K.{d(x,Tx) + d(y,Ty)} with K = 2
Case Il: Suppose x,y € [0,1)
d(Tx,Ty) =|10—-0| =0
d(x,y) =[x —yl
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d(x,Tx) =|x—0| =x

d(y,Ty)=ly—0| =y

d(x,Ty) =|x—0]| =x

d(y,Tx) =y —0[ =y

So, clearly in this case, the inequality (4.4.1) holds.

Case 11 Suppose x,y € [l,0)andx <y =>x—-y <0
y y x

) >
vl

X
d(Tx, Ty) = — = —
(Tx,Ty) x+1 y+1l y+1 x+1
d(x,y)=|x—y|jy—x
T = — = —
d0xTx) = |x x+1l - T xr1
y y
d(y,Ty) = |y —-——| =y - ——
. Ty) = |y S +1 S+ 1
y y
dx,Ty) = |x ———| = x ———
(0 Ty) = |* y+1 - Ty v
Ay, Tx) = ly———| =y - —
Y Y xr 1l =Y T x¥1
y x
M(x,y) = max{y —x,x — ad N ST
Y yoRx Ty Tty Ty 2
_ _ X L,y iy _x
—max{y XX =Y y+1’2(x y+1+y x+1)}
Since x,y € [1,0)and x < y
-
M(X»Y)—y y+1
y imoli 1, _y
Ify— el € [0,1) implies M(x,y) = 3 (y y+1), then
d(Tx, Ty) = — ad * . Y
X, = <x-— __Z
V=3 F1 x+1 x+1 Y Ty
1 y X Yy
<1035 r2lr-Zty-55)

= o(M(x,y)) + K.{d(x,Tx) + d(y, Ty)} with K =2
Ify— ﬁ € [1, ) implies M(x,y) = 7, then

y X X y
d(Tx,Ty) = —— — <x- -
(Tx,Ty) y+1 x+1 X x+1+y y+1
1 X Yy
< +2(x-Fivy-75)

= o(M(x,y)) + K.{d(x, Tx) + d(y, Ty)} with K = 2

Case IV: Suppose x,y € [1,0)andx >y =>x—y >0
d(Tx,Ty) = ad 4 |— a 24

S O y+1 x+1 y+1
d(x,y)=|x—y|jx—y

X
d(x'Tx)_x_x+1 BT
y y
dy,Ty) = |y ———=|=y - ——
. Ty) =y y+1 y+1
y y
d(x,Ty) = |x ———| =x - ——
(0 Ty) = |* y+1l - Ty +1
d(y,Tx) = |y - ——| =y - =
Y Y x+1 Y x+1

UGC CARE Group-1

82



Industrial Engineering Journal
ISSN: 0970-2555
Volume : 53, Issue 9, No.3, September : 2024

7, >
v

y x
M(x,y) = max{ix —y,x — ad — Ty Y T
Y XY F1Y Ty A1 2
_ _ Y 1 v __x
—max{x Y, x — er1,y y+12(x ST )} since y < x.
M(xy)—x—m
. 1 X
If x —m € [0,1) implies M(x,y) = g(x _E)’ then
d(TxT)—L—L<x— oy
I T T
x y
<2(x-F5+y-55)
1 x
(-2l —55)

= (p(M(x, y)) + K.{d(x,Tx) + d(y,Ty)} with K = 2
If x — =€ [1,00) implies M(x,y) = % then

ATxTy) = ——— Y <y X 4y Y
x+1 y+1 x+1 y+1
x y
< 2(x—5+r=3%)
y
<s+2(x-Zr+y-75)

= <p(M(x,y)) + K.{d(x,Tx) + d(y,Ty)} with K = 2
In all the cases T satisfies the hypothesis of Theorem 4.3. And clearly ‘0’ is the unique fixed point of
T.

V. Conclusion

In conclusion, we have introduced and studied generalized Geraghty - Gornicki maps, generalized
Boyd and Wong - Gornicki maps, and generalized weakly Gornicki maps in the context of complete
metric spaces. Our work demonstrates the existence and uniqueness of fixed points for these maps,
even in the absence of continuity. The results presented in this paper extend several known fixed point
theorems, offering broader applicability in fixed point theory. The examples provided further illustrate
the effectiveness and relevance of our generalizations.

References

[1] Al-Khaleel. M and Al-Sharif S., On cyclic (¢ — y)-Kannan and (¢ — y)-Chatterjea contractions
in metric spaces, Annals of the University of Craiova, Mathematics and Computer Science Series,
46(2019), 320-327.

[2] Babu G. V. R. and Sailaja P. D., A fixed point theorem of generalized weakly contractive maps in
orbitally complete metric spaces, Thai Journal of Mathematics, 9(1), (2011), 1-10. [3] Banach S, Sur
les opeérations dans les ensembles abstraits et leur applications aux equations integrales, Fund. Math.,
3(1922), 133-181.

[4] Bisht, R.K.: A note on the fixed point theorem of Gérnicki. J. Fixed Point Theory Appl. 21, 54
(2019).

[5] Boyd, D.W., Wong, J.S.W.: On nonlinear contractions. Proc. Am. Math. Soc. 20(2), 458—464
(1969).

[6] Browder, F.E., Petryshyn, W.V.: The solution by iteration of nonlinear functional equations in
Banach spaces. Bull. Am. Math. Soc. 72, 571-576 (1966).

[7] Caristi J., Fixed point theorems for mappings satisfying inwardness conditions, Trans. Amer. Math.
Soc. 215 (1976) 241-251.

[8] Connell H.E., Properties of fixed point spaces, Proc. Amer. Math. Soc., 10(1959), 974-979.

UGC CARE Group-1 83



Industrial Engineering Journal
ISSN: 0970-2555

Volume : 53, Issue 9, No.3, September : 2024

[9] Geraghty, M.A.: On contractive mappings. Proc. Am. Math. Soc. 40(2), 604— 608 (1973).

[10] Garnicki J., Fixed point theorems for Kannan type mappings, J. Fixed Point Theory Appl.,

19(2017), 2145-2152.

[11] Gérnicki J., Various extensions of Kannan’s fixed point theorem, J. Fixed Point Theory Appl.,

20(2018), Paper No. 20, 12 pp.

[12] Gornicki J., Remarks on asymptotic regularity and fixed points, J. Fixed Point Theory Appl.,
21(2019), Paper No. 29, 20 pp.

[13] Gérnicki J., On some mappings with a unique fixed point, J. Fixed Point Theory Appl., 22 (2020),

Paper No. 8, 7 pp.

[14] Hardy E.G. and Rogers D. T., A generalization of a fixed point theorem of Reich, Can. Math.

Bull., 16(1973), 201-206.

[15] Kannan.R, Some results on fixed points -11, Amer. Math. Monthly, 76(1969), 405-408.

[16] Kirk W. A., Caristi’s fixed point theorem and metric convexity, Colloq. Math. 36 (1976) 81-86.

[17] Kumary D., Tomar A. and Sharmax R., Well-posedness and data dependence of strict fixed point

for Hardy Roger type contraction and applications, Appl. Math. E-Notes, 20(2020), 46-54.

[18] Nakanishi M. and Suzuki T., An observation on Kannan mappings, Open Math., 8(2010), 170-

178.

[19] Pant, A., Pant, R.P.: Fixed points and continuity of contractive maps. Filomat 31(11), 3501-3506

(2017).

[20] Petric M., Some results concerning cyclical contractive mappings, General Math., 18(2010), 213-

226.

[21] Reich S., Some remarks concerning contraction mappings, Can. Math. Bull., 14(1971), 121-124.

[22] Reich S., Kannan’s fixed point theorem, Boll. Un. Mat. Ital. 4 (1971) 1-11.

[23] Subrahmanyam P. V., Remarks on some fixed point theorems related to Banach’s contraction

principle, J. Math. Phys. Sci., 8(1974), 445-457.

[24] Subrahmanyam P. V., Completeness and fixed-points, Monatshefte fir Mathematik, Vol. 80

(1975) pp: 325-330.

7, >
T

UGC CARE Group-1 84



