
 

Industrial Engineering Journal 

ISSN: 0970-2555   

Volume : 52, Issue 9, No. 2, September : 2023 
 

UGC CARE Group-1,                                                                                                                 19 
 

QUOTIENT-4 CORDIAL LABELING OF SOME BICYCLIC GRAPHS  

 

S. Kavitha Department of mathematics, St. Thomas College of Arts and Science, Koyambedu, 

Chennai-600107, India. Email: kavinu76@gmail.com 

Dr. P. Sumathi Department of mathematics, C. Kandaswami Naidu College for Men, Annanagar, 

Chennai-600102, India. Email: sumathipaul@yahoo.co.in 

 

Abstract 

Let G (V, E) be a simple graph of order p and size q. Let φ : V (G) → Z5 – {0} be a function. For each 

edge set E (G) define the labeling 𝜑*: E (G) → Z4 by 𝜑*(uv) = ⌈
𝜑(𝑢)

𝜑(𝑣)
⌉ (mod 4) where 𝜑(u) ≥ 𝜑(v). The 

function 𝜑 is called Quotient-4 cordial labeling of G if |vφ(i) – vφ(j)| ≤ 1, 1 ≤ 𝑖, j ≤ 4, i≠j where vφ(x) 

denote the number of vertices labeled with x and |eφ(k) – eφ(l)| ≤ 1, 0 ≤ 𝑘, 𝑙 ≤ 3, 𝑘 ≠ 𝑙, where eφ(y) 

denote the number of edges labeled with y. Here some bicyclic graphs such as 2Cr[Ps] and By2, n proved 

to be quotient-4 cordial graphs. 
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1. INTRODUCTION 

Here the graphs considered are finite, simple, undirected and non-trivial. Graph theory has a good 

development in the graph labeling and has a broad range of applications. Refer Gallian [5] for more 

information. The cordial labeling concept was first introduced by Cahit [2]. H- and H2 –cordial 

labeling was introduced by Freeda S and Chellathurai R.S [3]. Mean Cordial Labeling was introduced 

by Albert William, Indira Rajasingh, and S Roy [1]. A graph G is said to be quotient-4 cordial graph 

if it  receives quotient-4 cordial labeling .Let vφ(i) denotes the number of vertices labeled with i and 

eφ(k) denotes the number of edges labeled with k, 1 ≤ 𝑖 ≤ 4, 0 ≤ 𝑘 ≤ 3. 

 

2. DEFINITIONS 

Definition: 2.1[7] Let G ( V, E ) be a simple graph of order p and size q. Let 𝜑: V (G) → Z5 – {0} be 

a function. For each edge set E (G) define the labeling 𝜑*: E (G) → Z4 by 𝜑*(uv) = ⌈
𝜑 (𝑢)

𝜑 (𝑣)
⌉ (mod 4) 

where 𝜑 (u) ≥ 𝜑 (v). The function 𝜑 is called Quotient-4 cordial labeling of G if |v φ (i) – v φ (j)| ≤ 1, 

1 ≤ 𝑖, j ≤ 4, i≠j where vφ (x) denote the number of vertices labeled with x and |e φ (k) – e φ (l)| ≤ 1, 0 ≤
𝑘, 𝑙 ≤ 3, 𝑘 ≠ 𝑙, where eφ (y) denote the number of edges labeled with y.  

Definition: 2.2 Two cycles Cr of the same order connected with a path Ps yields a new graph and is 

denoted by 2Cr[Ps]. 

Definition: 2.3 Two cycles Cn of the same order sharing a common vertex with m pendent edges 

attached at the common vertex is called butterfly graph and it is denoted by Bym, n. 

 

3. SOME TYPES OF BICYCLIC GRAPHS 

Theorem: 3.1 A graph 2Cr[Ps]  is quotient-4 cordial if 𝑟 > 2 and 𝑠 > 1. 

Proof: Let G be a 2Cr[Ps]  graph. 

V (G) = {xi, yi, zj  : 1 ≤ 𝑖 ≤ 𝑟, 2 ≤ 𝑗 ≤ 𝑠 − 1}. 

E (G) = {xi xi+1, yi yi+1 : 1 ≤ 𝑖 ≤ 𝑟 − 1}  ∪ { 𝑥r x1} ∪ { 𝑦r y1} ∪ {zj zj+1 : 2 ≤ 𝑗 ≤ 𝑠 − 2}  ∪ { 𝑥1 z2} ∪
{ 𝑧s-1 y1}. 

Here |𝑉 (𝐺)| = 2𝑟 + 𝑠 − 2, |𝐸 (𝐺)| = 2𝑟 + 𝑠 − 1. 

Define φ : V (G) → {1, 2, 3, 4}.  

The values of xi are labeled as follows. 
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Case 1: When 𝑟 ≡ 0, 5 (modulo 8) and 𝑠 ≡ 0, 1, 2, 3, 4, 5, 6, 7 (modulo 8). 

For 1 ≤ 𝑖 ≤ 𝑟.   

𝜑 (xi) = 1 if i ≡ 4, 7 (modulo 8). 

𝜑 (xi) = 2 if i ≡ 1, 2 (modulo 8). 

𝜑 (xi) = 3 if i ≡ 5, 6 (modulo 8). 

𝜑 (xi) = 4 if i ≡ 0, 3 (modulo 8). 

Case 2: When 𝑟 ≡ 1 (modulo 8) and 𝑠 ≡ 0, 1, 2, 3, 4, 7 (modulo 8). 

For 1 ≤ 𝑖 ≤ 𝑟, the labeling of 𝑥𝑖   values are same as case 1. 

Case 3: When 𝑟 ≡ 1 (modulo 8) and 𝑠 ≡ 5 (modulo 8). 

For 1 ≤ 𝑖 ≤ 𝑟 − 1, the labeling of 𝑥𝑖   values are same as case 1. 

𝜑 (xr) = 1. 

Case 4: When 𝑟 ≡ 1 (modulo 8) and 𝑠 ≡ 6 (modulo 8). 

For 1 ≤ 𝑖 ≤ 𝑟 − 1, the labeling of 𝑥𝑖   values are same as case 1. 

𝜑 (xr) = 3. 

Case 5: When 𝑟 ≡ 2 (modulo 8) and 𝑠 ≡ 0 (modulo 8). 

For 1 ≤ 𝑖 ≤ 𝑟 − 2, the labeling of 𝑥𝑖   values are same as case 1. 

𝜑 (xr) = 2,  𝜑(xr-1) = 1. 

Case 6: When 𝑟 ≡ 2 (modulo 8) and 𝑠 ≡ 1, 2, 3, 4, 5, 6 (modulo 8). 

For 1 ≤ 𝑖 ≤ 𝑟 − 2, the labeling of 𝑥𝑖   values are same as case 1. 

𝜑 (xr) = 2,  𝜑(xr-1) = 3. 

Case 7: When 𝑟 ≡ 2 (modulo 8) and 𝑠 ≡ 7 (modulo 8). 

For 1 ≤ 𝑖 ≤ 𝑟 − 1, the labeling of 𝑥𝑖   values are same as case 1. 

𝜑 (xr) = 3. 

Case 8: When 𝑟 ≡ 3 (modulo 8) and 𝑠 ≡ 0, 1, 2, 6, 7 (modulo 8). 

For 1 ≤ 𝑖 ≤ 𝑟, the labeling of 𝑥𝑖   values are same as case 1. 

Case 9: When 𝑟, 𝑠 = 3. 

𝜑 (x1) = 1, 𝜑 (x2) = 𝜑 (x3) = 2. 

Case 10: When 𝑟, 𝑠 ≡ 3 (modulo 8) and 𝑟, 𝑠 ≠ 3.  
For 1 ≤ 𝑖 ≤ 𝑟, the labeling of 𝑥𝑖   values are same as case 1. 

Case 11: When 𝑟 = 3, 𝑠 = 4. 

𝜑 (x1) = 3, 𝜑 (x2) = 𝜑 (x3) = 2. 

Case 12: When 𝑟 ≡ 3 (modulo 8), 𝑠 ≡ 4 (modulo 8) and 𝑟 ≠ 3, 𝑠 ≠ 4.  
For 1 ≤ 𝑖 ≤ 𝑟, the labeling of 𝑥𝑖   values are same as case 1. 

Case 13: When 𝑟 = 3, 𝑠 = 5. 

𝜑 (x1) = 𝜑 (x2) = 𝜑 (x3) = 2. 

Case 14: When 𝑟 ≡ 3 (modulo 8), 𝑠 ≡ 5 (modulo 8) and 𝑟 ≠ 3, 𝑠 ≠ 5.  
For 1 ≤ 𝑖 ≤ 𝑟, the labeling of 𝑥𝑖   values are same as case 1. 

Case 15: When 𝑟 ≡ 4 (modulo 8) and 𝑠 ≡ 0, 1 (modulo 8). 

For 1 ≤ 𝑖 ≤ 𝑟 − 1, the labeling of 𝑥𝑖   values are same as case 1. 

𝜑 (xr) = 2. 

Case 16: When 𝑟 ≡ 4 (modulo 8) and 𝑠 ≡ 2 (modulo 8). 

For 1 ≤ 𝑖 ≤ 𝑟 − 4, the labeling of 𝑥𝑖   values are same as case 1. 

𝜑 (xr) = 3, 𝜑(xr-1) = 𝜑(xr-2) = 2, 𝜑(xr-3) = 4. 

Case 17: When 𝑟 ≡ 4 (modulo 8) and 𝑠 ≡ 3, 4, 7 (modulo 8). 

For 1 ≤ 𝑖 ≤ 𝑟 − 2, the labeling of 𝑥𝑖   values are same as case 1. 

𝜑 (xr) = 1, 𝜑(xr-1) = 3. 

Case 18: When 𝑟 ≡ 4 (modulo 8) and 𝑠 ≡ 5, 6 (modulo 8). 
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For 1 ≤ 𝑖 ≤ 𝑟 − 1, the labeling of 𝑥𝑖   values are same as case 1. 

𝜑 (xr) = 4. 

Case 19: When 𝑟 ≡ 6 (modulo 8) and 𝑠 ≡ 0, 5, 7 (modulo 8). 

For 1 ≤ 𝑖 ≤ 𝑟, the labeling of 𝑥𝑖   values are same as case 1. 

Case 20: When 𝑟 ≡ 6 (modulo 8) and 𝑠 ≡ 1, 2, 6 (modulo 8). 

For 1 ≤ 𝑖 ≤ 𝑟 − 1, the labeling of 𝑥𝑖   values are same as case 1. 

𝜑 (xr) = 2. 

Case 21: When 𝑟 ≡ 6 (modulo 8) and 𝑠 ≡ 3, 4 (modulo 8). 

For 1 ≤ 𝑖 ≤ 𝑟 − 1, the labeling of 𝑥𝑖   values are same as case 1. 

𝜑(xr) = 1. 

Case 22: When 𝑟 ≡ 7 (modulo 8) and 𝑠 ≡ 0, 3, 7 (modulo 8). 

For 1 ≤ 𝑖 ≤ 𝑟 − 1, the labeling of 𝑥𝑖   values are same as case 1. 

𝜑 (xr) = 2. 

Case 23: When 𝑟 ≡ 7 (modulo 8) and 𝑠 ≡ 1, 2 (modulo 8). 

For 1 ≤ 𝑖 ≤ 𝑟 − 2, the labeling of 𝑥𝑖   values are same as case 1. 

𝜑 (xr) = 2,  𝜑 (xr-1) = 1. 

Case 24: When 𝑟 ≡ 7 (modulo 8) and 𝑠 ≡ 4 (modulo 8). 

For 1 ≤ 𝑖 ≤ 𝑟 − 2, the labeling of 𝑥𝑖   values are same as case 1. 

𝜑 (xr) = 3,  𝜑 (xr-1) = 1.   

Case 25: When 𝑟 ≡ 7 (modulo 8) and 𝑠 ≡ 5, 6 (modulo 8). 

For 1 ≤ 𝑖 ≤ 𝑟, the labeling of 𝑥𝑖   values are same as case 1. 

 

The values of yi are labeled as follows. 

Case 1: When 𝑟 ≡ 0 (modulo 8) and 𝑠 ≡ 0, 1, 2, 3, 4, 5, 6, 7 (modulo 8). 

For 1 ≤ 𝑖 ≤ 𝑟.   

𝜑 (yi) = 1 if i ≡ 2, 5 (modulo 8). 

𝜑 (yi) = 2 if i ≡ 0, 7 (modulo 8). 

𝜑 (yi) = 3 if i ≡ 1, 6 (modulo 8). 

𝜑 (yi) = 4 if i ≡ 3, 4 (modulo 8). 

Case 2: When 𝑟 ≡ 1 (modulo 8) and 𝑠 ≡ 0, 4, 5 (modulo 8). 

For 1 ≤ 𝑖 ≤ 𝑟, the labeling of 𝑦𝑖  values are same as case 1. 

Case 3: When 𝑟 ≡ 1 (modulo 8) and 𝑠 ≡ 1, 2, 6 (modulo 8). 

For 1 ≤ 𝑖 ≤ 𝑟 − 1, the labeling of 𝑦𝑖  values are same as case 1. 

𝜑 (yr) = 1. 

Case 4: When 𝑟 ≡ 1 (modulo 8) and 𝑠 ≡ 3 (modulo 8). 

For 1 ≤ 𝑖 ≤ 𝑟 − 2, the labeling of 𝑦𝑖   values are same as case 1. 

𝜑 (yr) = 1, 𝜑 (yr-1) = 4. 

Case 5: When 𝑟 ≡ 1 (modulo 8) and 𝑠 ≡ 7 (modulo 8). 

For 1 ≤ 𝑖 ≤ 𝑟 − 1, the labeling of 𝑦𝑖   values are same as case 1. 

𝜑(yr) = 4. 

Case 6: When 𝑟 ≡ 2 (modulo 8) and 𝑠 ≡ 0 (modulo 8). 

For 1 ≤ 𝑖 ≤ 𝑟 − 1, the labeling of 𝑦𝑖  values are same as case 1. 

𝜑 (yr) = 4. 

Case 7: When 𝑟 ≡ 2 (modulo 8) and 𝑠 ≡ 1, 2, 3, 4, 5, 6, 7 (modulo 8). 

For 1 ≤ 𝑖 ≤ 𝑟 − 2, the labeling of 𝑦𝑖   values are same as case 1. 

𝜑 (yr) = 1,  𝜑 (yr-1) = 4. 

Case 8: When 𝑟 ≡ 3 (modulo 8) and 𝑠 ≡ 0, 1 (modulo 8). 

For 1 ≤ 𝑖 ≤ 𝑟.   
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𝜑 (yi) = 1 if i ≡ 2, 5 (modulo 8). 

𝜑 (yi) = 2 if i ≡ 0, 7 (modulo 8). 

𝜑 (yi) = 3 if i ≡ 3, 4 (modulo 8). 

𝜑 (yi) = 4 if i ≡ 1, 6 (modulo 8). 

Case 9: When 𝑟 = 3, 𝑠 = 2. 

𝜑 (y1) = 𝜑 (y3) = 1, 𝜑 (y2) = 2. 

Case 10: When 𝑟 ≡ 3 (modulo 8), 𝑠 ≡ 2 (modulo 8) and 𝑟 ≠ 3, 𝑠 ≠ 2.  
For 1 ≤ 𝑖 ≤ 𝑟 − 1, the labeling of 𝑦𝑖   values are same as case 8. 

𝜑 (yr) = 4. 

Case 11: When 𝑟 = 3, 𝑠 = 3. 

𝜑 (y1) = 1, 𝜑 (y2) = 𝜑 (y3) = 3. 

Case 12: When 𝑟, 𝑠 ≡ 3 (modulo 8) and 𝑟, 𝑠 ≠ 3.  
For 1 ≤ 𝑖 ≤ 𝑟 − 3, the labeling of 𝑦𝑖   values are same as case 8. 

𝜑 (yr) = 1, 𝜑 (yr-1) = 3, 𝜑 (yr-2) = 2. 

Case 13: When 𝑟 = 3, 𝑠 = 4, 6. 

𝜑 (y1) = 𝜑 (y3) = 4, 𝜑 (y2) = 1. 

Case 14: When 𝑟 ≡ 3 (modulo 8), 𝑠 ≡ 4 (modulo 8) and 𝑟 ≠ 3, 𝑠 ≠ 4.  
For 1 ≤ 𝑖 ≤ 𝑟 − 3, the labeling of 𝑦𝑖   values are same as case 8. 

𝜑 (yr) = 3, 𝜑 (yr-1) = 4, 𝜑 (yr-2) = 2. 

Case 15: When 𝑟 ≡ 3 (modulo 8) and 𝑠 ≡ 5 (modulo 8).   

For 1 ≤ 𝑖 ≤ 𝑟 − 3, the labeling of 𝑦𝑖   values are same as case 8. 

𝜑 (yr) = 4, 𝜑 (yr-1) = 1, 𝜑 (yr-2) = 3. 

Case 16: When 𝑟 ≡ 3 (modulo 8), 𝑠 ≡ 6 (modulo 8) and 𝑟 ≠ 3, 𝑠 ≠ 6.  
For 1 ≤ 𝑖 ≤ 𝑟 − 4, the labeling of 𝑦𝑖   values are same as case 8. 

𝜑 (yr) = 𝜑 (yr-3) = 1, 𝜑 (yr-1) = 𝜑 (yr-2) = 3. 

Case 17: When 𝑟 = 3, 𝑠 = 7. 

𝜑 (y1) = 𝜑 (y3) = 3, 𝜑 (y2) = 2. 

Case 18: When 𝑟 ≡ 3 (modulo 8), 𝑠 ≡ 7 (modulo 8) and 𝑟 ≠ 3, 𝑠 ≠ 7.  
For 1 ≤ 𝑖 ≤ 𝑟, the labeling of 𝑦𝑖   values are same as case 15. 

Case 19: When 𝑟 ≡ 4 (modulo 8) and 𝑠 ≡ 0, 1, 2, 3, 4, 5, 6, 7 (modulo 8). 

For 1 ≤ 𝑖 ≤ 𝑟 − 1, the labeling of 𝑦𝑖  values are same as case 8. 

𝜑 (yr) = 1.              

Case 20: When 𝑟 ≡ 5 (modulo 8) and 𝑠 ≡ 0, 1 (modulo 8). 

For 1 ≤ 𝑖 ≤ 𝑟 − 2, the labeling of 𝑦𝑖   values are same as case 1. 

𝜑 (yr) = 3, 𝜑 (yr-1) = 2.              

Case 21: When 𝑟 ≡ 5  (modulo 8) and 𝑠 ≡ 2, 3, 4, 5, 6, 7 (modulo 8). 

For 1 ≤ 𝑖 ≤ 𝑟, the labeling of 𝑦𝑖   values are same as case 1. 

Case 22: When 𝑟 ≡ 6 (modulo 8) and 𝑠 ≡ 0, 7 (modulo 8). 

For 1 ≤ 𝑖 ≤ 𝑟 − 1, the labeling of 𝑦𝑖  values are same as case 1. 

𝜑 (yr) = 2.           

Case 23: When 𝑟 ≡ 6 (modulo 8) and 𝑠 ≡ 1, 2, 3, 4 (modulo 8). 

For 1 ≤ 𝑖 ≤ 𝑟, the labeling of 𝑦𝑖   values are same as case 1. 

Case 24: When 𝑟 ≡ 6 (modulo 8) and 𝑠 ≡ 5, 6 (modulo 8). 

For 1 ≤ 𝑖 ≤ 𝑟 − 1, the labeling of 𝑦𝑖  values are same as case 1. 

𝜑 (yr) = 4.      

Case 25: When 𝑟 ≡ 7 (modulo 8) and 𝑠 ≡ 0, 1, 5, 6, 7 (modulo 8). 

For 1 ≤ 𝑖 ≤ 𝑟, the labeling of 𝑦𝑖  values are same as case 1. 
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Case 26: When 𝑟 ≡ 7 (modulo 8) and 𝑠 ≡ 2 (modulo 8). 

For 1 ≤ 𝑖 ≤ 𝑟 − 2, the labeling of 𝑦𝑖  values are same as case 1. 

𝜑 (yr) = 3, 𝜑 (yr-1) = 4. 

Case 27: When 𝑟 ≡ 7 (modulo 8) and 𝑠 ≡ 3 (modulo 8). 

For 1 ≤ 𝑖 ≤ 𝑟 − 4, the labeling of 𝑦𝑖  values are same as case 1. 

𝜑 (yr) = 𝜑 (yr-3) = 1, 𝜑 (yr-1) = 3, 𝜑 (yr-2) = 4. 

Case 28: When 𝑟 ≡ 7 (modulo 8) and 𝑠 ≡ 4 (modulo 8). 

For 1 ≤ 𝑖 ≤ 𝑟 − 2, the labeling of 𝑦𝑖  values are same as case 1. 

𝜑 (yr) = 2, 𝜑 (yr-1) = 4. 

 

The values of zj are labeled as follows. 

Case 1: When 𝑟 ≡ 0 (modulo 8) and 𝑠 ≡ 1, 2, 3, 5, 6 (modulo 8). 

For 2 ≤ 𝑗 ≤ 𝑠 − 1.   

𝜑 (zj) = 1 if j ≡ 4, 7 (modulo 8). 

𝜑 (zj) = 2 if j ≡ 1, 2 (modulo 8). 

𝜑 (zj) = 3 if j ≡ 5, 6 (modulo 8). 

𝜑 (zj) = 4 if j ≡ 0, 3 (modulo 8). 

Case 2: When 𝑟 ≡ 0 (modulo 8) and 𝑠 ≡ 0 (modulo 8). 

For 2 ≤ 𝑗 ≤ 𝑠 − 3, the labeling of 𝑧𝑗   values are same as case 1. 

𝜑 (zs-1) = 1, 𝜑 (zs-2) = 4. 

Case 3: When 𝑟 ≡ 0 (modulo 8) and 𝑠 ≡ 4 (modulo 8). 

For 2 ≤ 𝑗 ≤ 𝑠 − 2, the labeling of 𝑧𝑗  values are same as case 1. 

𝜑 (zs-1) = 1. 

Case 4: When 𝑟 ≡ 0 (modulo 8) and 𝑠 ≡ 7 (modulo 8). 

For 2 ≤ 𝑗 ≤ 𝑠 − 5, the labeling of 𝑧𝑗values are same as case 1. 

𝜑 (zs-1) = 𝜑 (zs-4) = 1, 𝜑 (zs-2) = 3, 𝜑 (zs-3) = 4. 

Case 5: When 𝑟 ≡ 1 (modulo 8) and 𝑠 ≡ 0 (modulo 8). 

For 2 ≤ 𝑗 ≤ 𝑠 − 3, the labeling of 𝑧𝑗  values are same as case 1. 

𝜑 (zs-1) = 4, 𝜑 (zs-2) = 1. 

Case 6: When 𝑟 ≡ 1 (modulo 8) and 𝑠 ≡ 1, 2, 3, 5, 6 (modulo 8). 

For 2 ≤ 𝑗 ≤ 𝑠 − 1, the labeling of 𝑧𝑗  values are same as case 1. 

Case 7: When 𝑟 ≡ 1 (modulo 8) and 𝑠 ≡ 4 (modulo 8). 

For 2 ≤ 𝑗 ≤ 𝑠 − 3, the labeling of 𝑧𝑗  values are same as case 1. 

𝜑 (zs-1) = 1, 𝜑 (zs-2) = 4. 

Case 8: When 𝑟 ≡ 1 (modulo 8) and 𝑠 ≡ 7 (modulo 8). 

For 2 ≤ 𝑗 ≤ 𝑠 − 5, the labeling of 𝑧𝑗  values are same as case 1. 

𝜑 (zs-1) = 𝜑 (zs-3) = 1, 𝜑 (zs-2) = 4, 𝜑 (zs-4) = 3. 

Case 9: When 𝑟 ≡ 2 (modulo 8) and 𝑠 ≡ 0, 1, 2, 3, 5, 6, 7 (modulo 8). 

For 2 ≤ 𝑗 ≤ 𝑠 − 1, the labeling of 𝑧𝑗  values are same as case 1. 

Case 10: When 𝑟 ≡ 2 (modulo 8) and 𝑠 ≡ 4 (modulo 8). 

𝜑 (zs-1) = 1. 

For 2 ≤ 𝑗 ≤ 𝑠 − 2, the labeling of 𝑧𝑗  values are same as case 1. 

Case 11: When 𝑟 ≡ 3 (modulo 8) and 𝑠 ≡ 0, 1 (modulo 8). 

For 2 ≤ 𝑗 ≤ 𝑠 − 1, the labeling of 𝑧𝑗  values are same as case 1. 

Case 12: When 𝑟 ≡ 3 (modulo 8) and 𝑠 ≡ 2, 5 (modulo 8). 

For 2 ≤ 𝑗 ≤ 𝑠 − 3, the labeling of 𝑧𝑗  values are same as case 1. 
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𝜑 (zs-1) = 1, 𝜑 (zs-2) = 3.  

Case 13: When 𝑟, 𝑠 = 3. 
𝜑 (z2) = 4. 

Case 14: When 𝑟, 𝑠 ≡ 3 (modulo 8) and 𝑟, 𝑠 ≠ 3. 
For 2 ≤ 𝑗 ≤ 𝑠 − 3, the labeling of 𝑧𝑗  values are same as case 1. 

𝜑 (zs-1) = 3, 𝜑 (zs-2) = 1.  

Case 15: When 𝑟 = 3, 𝑠 = 4. 
𝜑 (z2) = 1, 𝜑 (z3) = 3 . 

Case 16: When 𝑟 ≡ 3 (modulo 8), 𝑠 ≡ 4 (modulo 8) and 𝑟 ≠ 3, 𝑠 ≠ 4. 
For 2 ≤ 𝑗 ≤ 𝑠 − 4, the labeling of 𝑧𝑗  values are same as case 1. 

𝜑 (zs-1) = 𝜑 (zs-3) = 1, 𝜑 (zs-2) = 3.  

Case 17: When 𝑟 = 3, 𝑠 = 5. 
𝜑 (z2) = 3, 𝜑 (z3) = 1, 𝜑 (z4) = 4 . 

Case 18: When 𝑟 ≡ 3 (modulo 8), 𝑠 ≡ 5 (modulo 8) and 𝑟 ≠ 3, 𝑠 ≠ 5. 
For 2 ≤ 𝑗 ≤ 𝑠 − 1, the labeling of 𝑧𝑗  values are same as case 12.  

Case 19: When 𝑟 = 3, 𝑠 = 6. 
𝜑 (z2) = 𝜑 (z5) = 1, 𝜑 (z3) = 𝜑 (z4) = 3. 

Case 20: When 𝑟 ≡ 3 (modulo 8), 𝑠 ≡ 6 (modulo 8) and 𝑟 ≠ 3, 𝑠 ≠ 6. 

For 2 ≤ 𝑗 ≤ 𝑠 − 2, the labeling of 𝑧𝑗  values are same as case 1. 

𝜑 (zs-1) = 4. 

Case 21: When 𝑟 = 3, 𝑠 = 7. 
𝜑 (z2) = 2, 𝜑 (z3) = 𝜑 (z5) = 4, 𝜑 (z4) = 𝜑 (z6) = 1. 

Case 22: When 𝑟 ≡ 3 (modulo 8), 𝑠 ≡ 7 (modulo 8) and 𝑟 ≠ 3, 𝑠 ≠ 7. 

For 2 ≤ 𝑗 ≤ 𝑠 − 2, the labeling of 𝑧𝑗  values are same as case 1. 

𝜑 (zs-1) = 1. 

Case 23: When 𝑟 ≡ 4 (modulo 8) and 𝑠 ≡ 2, 5, 7 (modulo 8). 

For 2 ≤ 𝑗 ≤ 𝑠 − 1.   

𝜑 (zj) = 1 if j ≡ 4, 7 (modulo 8). 

𝜑 (zj) = 2 if j ≡ 1, 2 (modulo 8). 

𝜑 (zj) = 3 if j ≡ 0, 3 (modulo 8). 

𝜑 (zj) = 4 if j ≡ 5, 6 (modulo 8). 

Case 24: When 𝑟 ≡ 4 (modulo 8) and 𝑠 ≡ 0, 1, 6 (modulo 8). 

For 2 ≤ 𝑗 ≤ 𝑠 − 3, the labeling of 𝑧𝑗  values are same as case 23. 

𝜑 (zs-1) = 1, 𝜑 (zs-2) = 3. 

Case 25: When 𝑟 ≡ 4 (modulo 8) and 𝑠 ≡ 3, 4 (modulo 8). 

For 2 ≤ 𝑗 ≤ 𝑠 − 2, the labeling of 𝑧𝑗  values are same as case 23. 

𝜑 (zs-1) = 4. 

Case 26: When 𝑟 ≡ 5 (modulo 8) and 𝑠 ≡ 0, 1, 2, 3, 4, 6 (modulo 8). 

For 2 ≤ 𝑗 ≤ 𝑠 − 1, the labeling of 𝑧𝑗  values are same as case 23. 

Case 27: When 𝑟 ≡ 5 (modulo 8) and 𝑠 ≡ 5 (modulo 8). 

For 2 ≤ 𝑗 ≤ 𝑠 − 3, the labeling of 𝑧𝑗  values are same as case 23. 

𝜑 (zs-1) = 3, 𝜑 (zs-2) = 1. 

Case 28: When 𝑟 ≡ 5 (modulo 8) and 𝑠 ≡ 7 (modulo 8). 

For 2 ≤ 𝑗 ≤ 𝑠 − 2, the labeling of 𝑧𝑗  values are same as case 23. 

𝜑 (zs-1) = 3. 

Case 29: When 𝑟 ≡ 6 (modulo 8) and 𝑠 ≡ 0, 2, 3, 5 (modulo 8). 
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For 2 ≤ 𝑗 ≤ 𝑠 − 1, the labeling of 𝑧𝑗  values are same as case 23. 

Case 30: When 𝑟 ≡ 6 (modulo 8) and 𝑠 ≡ 1 (modulo 8). 

For 2 ≤ 𝑗 ≤ 𝑠 − 4, the labeling of 𝑧𝑗  values are same as case 23. 

𝜑 (zs-1) = 4, 𝜑 (zs-2) = 1, 𝜑 (zs-3) = 3. 

Case 31: When 𝑟 ≡ 6 (modulo 8) and 𝑠 ≡ 4 (modulo 8). 

For 2 ≤ 𝑗 ≤ 𝑠 − 2, the labeling of 𝑧𝑗  values are same as case 23. 

𝜑 (zs-1) = 4. 

Case 32: When 𝑟 ≡ 6 (modulo 8) and 𝑠 ≡ 6 (modulo 8). 

For 2 ≤ 𝑗 ≤ 𝑠 − 2, the labeling of 𝑧𝑗  values are same as case 17. 

𝜑 (zs-1) = 3. 

Case 33: When  𝑟 ≡ 6, 7 (modulo 8) and 𝑠 ≡ 7 (modulo 8). 

For 2 ≤ 𝑗 ≤ 𝑠 − 2, the labeling of 𝑧𝑗  values are same as case 23. 

𝜑 (zs-1) = 1. 

Case 34: When 𝑟 ≡ 7 (modulo 8) and 𝑠 ≡ 0, 1, 2, 3, 4 (modulo 8). 

For 2 ≤ 𝑗 ≤ 𝑠 − 1, the labeling of 𝑧𝑗  values are same as case 23. 

Case 35: When 𝑟 ≡ 7 (modulo 8) and 𝑠 ≡ 5 (modulo 8). 

For 2 ≤ 𝑗 ≤ 𝑠 − 3, the labeling of 𝑧𝑗  values are same as case 23. 

𝜑 (zs-1) = 1, 𝜑 (zs-2) = 4. 

Case 36: When 𝑟 ≡ 7 (modulo 8) and 𝑠 ≡ 6 (modulo 8). 

For 2 ≤ 𝑗 ≤ 𝑠 − 4, the labeling of 𝑧𝑗  values are same as case 23. 

𝜑 (zs-1) = 3, 𝜑 (zs-2) = 1, 𝜑 (zs-3) = 4. 

The following table concurrence is realized with modulo value 8.  

Nature of r 

and s 

vφ(1) vφ(2) vφ(3) vφ(4) 

r ≡ 0          

s ≡ 0 

2𝑟 + 𝑠

4
 

2𝑟 + 𝑠

4
− 1 

2𝑟 + 𝑠

4
− 1 

2𝑟 + 𝑠

4
 

r ≡ 0         

s ≡ 1 

2𝑟 + 𝑠 − 1

4
 

2𝑟+𝑠−1

4
 − 1 2𝑟 + 𝑠 − 1

4
 

2𝑟 + 𝑠 − 1

4
 

r ≡ 0         

s ≡ 2, 6 

2𝑟 + 𝑠 − 2

4
 

2𝑟 + 𝑠 − 2

4
 

2𝑟 + 𝑠 − 2

4
 

2𝑟 + 𝑠 − 2

4
 

r ≡ 0         

s ≡ 3 

2𝑟 + 𝑠 − 3

4
 

2𝑟+𝑠−3

4
 + 1 2𝑟 + 𝑠 − 3

4
 

2𝑟 + 𝑠 − 3

4
 

r ≡ 0         

s ≡ 4 

2𝑟 + 𝑠

4
 

2𝑟 + 𝑠

4
 

2𝑟 + 𝑠

4
− 1 

2𝑟 + 𝑠

4
− 1 

r ≡ 0         

s ≡ 5 

2𝑟 + 𝑠 − 1

4
 

2𝑟 + 𝑠 − 1

4
 

2𝑟+𝑠−1

4
 − 1 2𝑟 + 𝑠 − 1

4
 

r ≡ 0        

 s ≡ 7 

2𝑟+𝑠−3

4
 + 1 2𝑟 + 𝑠 − 3

4
 

2𝑟 + 𝑠 − 3

4
 

2𝑟 + 𝑠 − 3

4
 

r ≡ 1         

s ≡ 0, 4 

2𝑟 + 𝑠 − 2

4
 

2𝑟 + 𝑠 − 2

4
 

2𝑟 + 𝑠 − 2

4
 

2𝑟 + 𝑠 − 2

4
 

r ≡ 1         

s ≡ 1, 5 

2𝑟+𝑠−3

4
 + 1 2𝑟 + 𝑠 − 3

4
 

2𝑟 + 𝑠 − 3

4
 

2𝑟 + 𝑠 − 3

4
 

r ≡ 1         

s ≡ 2 

2𝑟 + 𝑠

4
 

2𝑟 + 𝑠

4
 

2𝑟 + 𝑠

4
− 1 

2𝑟 + 𝑠

4
− 1 

r ≡ 1         

s ≡ 3, 7 

2𝑟 + 𝑠 − 1

4
 

2𝑟 + 𝑠 − 1

4
 

2𝑟+𝑠−1

4
 − 1 2𝑟 + 𝑠 − 1

4
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r ≡ 1         

s ≡ 6 

2𝑟 + 𝑠

4
 

2𝑟 + 𝑠

4
− 1 

2𝑟 + 𝑠

4
 

2𝑟 + 𝑠

4
− 1 

r ≡ 2         

s ≡ 0 

2𝑟 + 𝑠

4
 

2𝑟 + 𝑠

4
− 1 

2𝑟 + 𝑠

4
 

2𝑟 + 𝑠

4
− 1 

r ≡ 2         

s ≡ 1 

2𝑟 + 𝑠 − 1

4
 

2𝑟+𝑠−1

4
 − 1 2𝑟 + 𝑠 − 1

4
 

2𝑟 + 𝑠 − 1

4
 

r ≡ 2         

s ≡ 2, 6 

2𝑟 + 𝑠 − 2

4
 

2𝑟 + 𝑠 − 2

4
 

2𝑟 + 𝑠 − 2

4
 

2𝑟 + 𝑠 − 2

4
 

r ≡ 2          

s ≡ 3 

2𝑟 + 𝑠 − 3

4
 

2𝑟+𝑠−3

4
 + 1 2𝑟 + 𝑠 − 3

4
 

2𝑟 + 𝑠 − 3

4
 

r ≡ 2        

 s ≡ 4 

2𝑟 + 𝑠

4
 

2𝑟 + 𝑠

4
 

2𝑟 + 𝑠

4
− 1 

2𝑟 + 𝑠

4
− 1 

r ≡ 2         

s ≡ 5 

2𝑟 + 𝑠 − 1

4
 

2𝑟 + 𝑠 − 1

4
 

2𝑟+𝑠−1

4
 − 1 2𝑟 + 𝑠 − 1

4
 

r ≡ 2         

s ≡ 7 

2𝑟 + 𝑠 − 3

4
 

2𝑟 + 𝑠 − 3

4
 

2𝑟+𝑠−3

4
 + 1 2𝑟 + 𝑠 − 3

4
 

r ≡ 3         

s ≡ 0, 4 

2𝑟 + 𝑠 − 2

4
 

2𝑟 + 𝑠 − 2

4
 

2𝑟 + 𝑠 − 2

4
 

2𝑟 + 𝑠 − 2

4
 

r ≡ 3         

s ≡ 1 

2𝑟 + 𝑠 − 3

4
 

2𝑟 + 𝑠 − 3

4
 

2𝑟 + 𝑠 − 3

4
 

2𝑟+𝑠−3

4
 + 1 

r ≡ 3         

s ≡ 2, 6 

2𝑟 + 𝑠

4
 

2𝑟 + 𝑠

4
− 1 

2𝑟 + 𝑠

4
− 1 

2𝑟 + 𝑠

4
 

r ≡ 3         

s ≡ 3 

2𝑟 + 𝑠 − 1

4
 

2𝑟 + 𝑠 − 1

4
 

2𝑟 + 𝑠 − 1

4
 

2𝑟+𝑠−1

4
 − 1 

r ≡ 3         

s ≡ 5 

2𝑟 + 𝑠 − 3

4
 

2𝑟+𝑠−3

4
 + 1 2𝑟 + 𝑠 − 3

4
 

2𝑟 + 𝑠 − 3

4
 

r ≡ 3         

s ≡ 7 

2𝑟 + 𝑠 − 1

4
 

2𝑟 + 𝑠 − 1

4
 

2𝑟+𝑠−1

4
 − 1 2𝑟 + 𝑠 − 1

4
 

r ≡ 4         

s ≡ 0, 4 

2𝑟 + 𝑠

4
 

2𝑟 + 𝑠

4
 

2𝑟 + 𝑠

4
− 1 

2𝑟 + 𝑠

4
− 1 

r ≡ 4        

 s ≡ 1, 5 

2𝑟 + 𝑠 − 1

4
 

2𝑟 + 𝑠 − 1

4
 

2𝑟+𝑠−1

4
 − 1 2𝑟 + 𝑠 − 1

4
 

r ≡ 4        

 s ≡ 2, 6 

2𝑟 + 𝑠 − 2

4
 

2𝑟 + 𝑠 − 2

4
 

2𝑟 + 𝑠 − 2

4
 

2𝑟 + 𝑠 − 2

4
 

r ≡ 4         

s ≡ 3, 7 

2𝑟+𝑠−3

4
 + 1 2𝑟 + 𝑠 − 3

4
 

2𝑟 + 𝑠 − 3

4
 

2𝑟 + 𝑠 − 3

4
 

r ≡ 5         

s ≡ 0, 4 

2𝑟 + 𝑠 − 2

4
 

2𝑟 + 𝑠 − 2

4
 

2𝑟 + 𝑠 − 2

4
 

2𝑟 + 𝑠 − 2

4
 

r ≡ 5         

s ≡ 1 

2𝑟 + 𝑠 − 3

4
 

2𝑟 + 𝑠 − 3

4
 

2𝑟+𝑠−3

4
 + 1 2𝑟 + 𝑠 − 3

4
 

r ≡ 5         

s ≡ 2, 6 

2𝑟 + 𝑠

4
 

2𝑟 + 𝑠

4
− 1 

2𝑟 + 𝑠

4
− 1 

2𝑟 + 𝑠

4
 

r ≡ 5         

s ≡ 3 

2𝑟 + 𝑠 − 1

4
 

2𝑟 + 𝑠 − 1

4
 

2𝑟+𝑠−1

4
 − 1 2𝑟 + 𝑠 − 1

4
 

r ≡ 5         

s ≡ 5 

2𝑟+𝑠−3

4
 + 1 2𝑟 + 𝑠 − 3

4
 

2𝑟 + 𝑠 − 3

4
 

2𝑟 + 𝑠 − 3

4
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Table 1: Vertex labeling of 2Cr [Ps] graph.  

The following table concurrence is realized with modulo value 8.  

r ≡ 5       

  s ≡ 7 

2𝑟 + 𝑠 − 1

4
 

2𝑟+𝑠−1

4
 − 1 2𝑟 + 𝑠 − 1

4
 

2𝑟 + 𝑠 − 1

4
 

r ≡ 6         

s ≡ 0, 4 

2𝑟 + 𝑠

4
 

2𝑟 + 𝑠

4
− 1 

2𝑟 + 𝑠

4
− 1 

2𝑟 + 𝑠

4
 

r ≡ 6         

s ≡ 1, 5 

2𝑟 + 𝑠 − 1

4
 

2𝑟+𝑠−1

4
 − 1 2𝑟 + 𝑠 − 1

4
 

2𝑟 + 𝑠 − 1

4
 

r ≡ 6         

s ≡ 2, 6 

2𝑟 + 𝑠 − 2

4
 

2𝑟 + 𝑠 − 2

4
 

2𝑟 + 𝑠 − 2

4
 

2𝑟 + 𝑠 − 2

4
 

r ≡ 6       

  s ≡ 3, 7 

2𝑟+𝑠−3

4
 + 1 2𝑟 + 𝑠 − 3

4
 

2𝑟 + 𝑠 − 3

4
 

2𝑟 + 𝑠 − 3

4
 

r ≡ 7         

s ≡ 0, 4 

2𝑟 + 𝑠 − 2

4
 

2𝑟 + 𝑠 − 2

4
 

2𝑟 + 𝑠 − 2

4
 

2𝑟 + 𝑠 − 2

4
 

r ≡ 7         

s ≡ 1, 5 

2𝑟+𝑠−3

4
 + 1 2𝑟 + 𝑠 − 3

4
 

2𝑟 + 𝑠 − 3

4
 

2𝑟 + 𝑠 − 3

4
 

r ≡ 7        

 s ≡ 2 

2𝑟 + 𝑠

4
 

2𝑟 + 𝑠

4
− 1 

2𝑟 + 𝑠

4
− 1 

2𝑟 + 𝑠

4
 

r ≡ 7        

 s ≡ 3, 7 

2𝑟 + 𝑠 − 1

4
 

2𝑟 + 𝑠 − 1

4
 

2𝑟 + 𝑠 − 1

4
 

2𝑟+𝑠−1

4
 − 1 

r ≡ 7         

s ≡ 6 

2𝑟 + 𝑠

4
 

2𝑟 + 𝑠

4
− 1 

2𝑟 + 𝑠

4
 

2𝑟 + 𝑠

4
− 1 

Nature of  r 

and s 

eφ(0) eφ(1) eφ(2) eφ(3) 

r ≡ 0        

 s ≡ 0 

2𝑟 + 𝑠

4
 

2𝑟 + 𝑠

4
− 1 

2𝑟 + 𝑠

4
 

2𝑟 + 𝑠

4
 

r ≡ 0         

s ≡ 1, 5 

2𝑟 + 𝑠 − 1

4
 

2𝑟 + 𝑠 − 1

4
 

2𝑟 + 𝑠 − 1

4
 

2𝑟 + 𝑠 − 1

4
 

r ≡ 0         

s ≡ 2 

2𝑟 + 𝑠 − 2

4
 

2𝑟 + 𝑠 − 2

4
 

2𝑟+𝑠−2

4
 + 1 2𝑟 + 𝑠 − 2

4
 

r ≡ 0       

s ≡ 3 

2𝑟 + 𝑠 − 3

4
 

2𝑟+𝑠−3

4
 + 1 

2𝑟+𝑠−3

4
 + 1 2𝑟 + 𝑠 − 3

4
 

r ≡ 0        

 s ≡ 4 

2𝑟 + 𝑠

4
− 1 

2𝑟 + 𝑠

4
 

2𝑟 + 𝑠

4
 

2𝑟 + 𝑠

4
 

r ≡ 0        

s ≡ 6 

2𝑟 + 𝑠 − 2

4
 

2𝑟+𝑠−2

4
 + 1 2𝑟 + 𝑠 − 2

4
 

2𝑟 + 𝑠 − 2

4
 

r ≡ 0              

s ≡ 7 

2𝑟 + 𝑠 − 3

4
 

2𝑟 + 𝑠 − 3

4
 

2𝑟+𝑠−3

4
 + 1 

2𝑟+𝑠−3

4
 + 1 

r ≡ 1              

s ≡ 0, 4 

2𝑟 + 𝑠 − 2

4
 

2𝑟+𝑠−2

4
 + 1 2𝑟 + 𝑠 − 2

4
 

2𝑟 + 𝑠 − 2

4
 

r ≡ 1              

s ≡ 1 

2𝑟 + 𝑠 − 3

4
 

2𝑟+𝑠−3

4
 + 1 2𝑟 + 𝑠 − 3

4
 

2𝑟+𝑠−3

4
 + 1 

r ≡ 1              

s ≡ 2, 6 

2𝑟 + 𝑠

4
− 1 

2𝑟 + 𝑠

4
 

2𝑟 + 𝑠

4
 

2𝑟 + 𝑠

4
 

r ≡ 1              

s ≡ 3, 7 

2𝑟 + 𝑠 − 1

4
 

2𝑟 + 𝑠 − 1

4
 

2𝑟 + 𝑠 − 1

4
 

2𝑟 + 𝑠 − 1

4
 



 

Industrial Engineering Journal 

ISSN: 0970-2555   

Volume : 52, Issue 9, No. 2, September : 2023 
 

UGC CARE Group-1,                                                                                                                 28 
 

r ≡ 1              

s ≡ 5 

2𝑟+𝑠−3

4
 + 1 

2𝑟+𝑠−3

4
 + 1 2𝑟 + 𝑠 − 3

4
 

2𝑟 + 𝑠 − 3

4
 

r ≡ 2              

s ≡ 0, 4 

2𝑟 + 𝑠

4
− 1 

2𝑟 + 𝑠

4
 

2𝑟 + 𝑠

4
 

2𝑟 + 𝑠

4
 

r ≡ 2              

s ≡ 1, 5 

2𝑟 + 𝑠 − 1

4
 

2𝑟 + 𝑠 − 1

4
 

2𝑟 + 𝑠 − 1

4
 

2𝑟 + 𝑠 − 1

4
 

r ≡ 2              

s ≡ 2 

2𝑟 + 𝑠 − 2

4
 

2𝑟 + 𝑠 − 2

4
 

2𝑟+𝑠−2

4
 + 1 2𝑟 + 𝑠 − 2

4
 

r ≡ 2              

s ≡ 3, 7 

2𝑟 + 𝑠 − 3

4
 

2𝑟+𝑠−3

4
 + 1 

2𝑟+𝑠−3

4
 + 1 2𝑟 + 𝑠 − 3

4
 

r ≡ 2              

s ≡ 6 

2𝑟 + 𝑠 − 2

4
 

2𝑟+𝑠−2

4
 + 1 2𝑟 + 𝑠 − 2

4
 

2𝑟 + 𝑠 − 2

4
 

r ≡ 3              

s ≡ 0, 4 

2𝑟 + 𝑠 − 2

4
 

2𝑟 + 𝑠 − 2

4
 

2𝑟+𝑠−2

4
 + 1 2𝑟 + 𝑠 − 2

4
 

r ≡ 3              

s ≡ 1, 5 

2𝑟 + 𝑠 − 3

4
 

2𝑟+𝑠−3

4
 + 1 

2𝑟+𝑠−3

4
 + 1 2𝑟 + 𝑠 − 3

4
 

r = 3          

s = 2 

1 2 2 2 

r ≡ 3 and 𝑟 ≠
3         

s ≡ 2 and  𝑠 ≠
2 

2𝑟 + 𝑠

4
 

2𝑟 + 𝑠

4
 

2𝑟 + 𝑠

4
− 1 

2𝑟 + 𝑠

4
 

r ≡ 3              

s ≡ 3, 7 

2𝑟 + 𝑠 − 1

4
 

2𝑟 + 𝑠 − 1

4
 

2𝑟 + 𝑠 − 1

4
 

2𝑟 + 𝑠 − 1

4
 

r ≡ 3              

s ≡ 6 

2𝑟 + 𝑠

4
 

2𝑟 + 𝑠

4
 

2𝑟 + 𝑠

4
 

2𝑟 + 𝑠

4
− 1 

r ≡ 4             

 s ≡ 0 

2𝑟 + 𝑠

4
 

2𝑟 + 𝑠

4
− 1 

2𝑟 + 𝑠

4
 

2𝑟 + 𝑠

4
 

r ≡ 4             

 s ≡ 1, 5 

2𝑟 + 𝑠 − 1

4
 

2𝑟 + 𝑠 − 1

4
 

2𝑟 + 𝑠 − 1

4
 

2𝑟 + 𝑠 − 1

4
 

r ≡ 4              

s ≡ 2 

2𝑟 + 𝑠 − 2

4
 

2𝑟 + 𝑠 − 2

4
 

2𝑟+𝑠−2

4
 + 1 2𝑟 + 𝑠 − 2

4
 

r ≡ 4              

s ≡ 3 

2𝑟 + 𝑠 − 3

4
 

2𝑟 + 𝑠 − 3

4
 

2𝑟+𝑠−3

4
 + 1 

2𝑟+𝑠−3

4
 + 1 

r ≡ 4              

s ≡ 4 

2𝑟 + 𝑠

4
− 1 

2𝑟 + 𝑠

4
 

2𝑟 + 𝑠

4
 

2𝑟 + 𝑠

4
 

r ≡ 4              

s ≡ 6 

2𝑟 + 𝑠 − 2

4
 

2𝑟+𝑠−2

4
 + 1 2𝑟 + 𝑠 − 2

4
 

2𝑟 + 𝑠 − 2

4
 

r ≡ 4              

s ≡ 7 

2𝑟 + 𝑠 − 3

4
 

2𝑟+𝑠−3

4
 + 1 2𝑟 + 𝑠 − 3

4
 

2𝑟+𝑠−3

4
 + 1 

r ≡ 5              

s ≡ 0 

2𝑟 + 𝑠 − 2

4
 

2𝑟 + 𝑠 − 2

4
 

2𝑟+𝑠−2

4
 + 1 2𝑟 + 𝑠 − 2

4
 

r ≡ 5              

s ≡ 1 

2𝑟 + 𝑠 − 3

4
 

2𝑟+𝑠−3

4
 + 1 

2𝑟+𝑠−3

4
 + 1 2𝑟 + 𝑠 − 3

4
 

r ≡ 5             

 s ≡ 2, 6 

2𝑟 + 𝑠

4
 

2𝑟 + 𝑠

4
− 1 

2𝑟 + 𝑠

4
 

2𝑟 + 𝑠

4
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Table 2: Edge labeling of 2Cr[Ps] graph. 

The above tables 1 and 2 we find that |𝑣φ(𝑖) –  𝑣φ(𝑗)| ≤ 1 and |𝑒𝜑(𝑘) – 𝑒𝜑(𝑙)| ≤ 1. Hence 2Cr[Ps] is 

quotient-4 cordial labeling. 

 

Theorem: 3.2 A type of butterfly graph By2, n is quotient-4 cordial if 𝑛 ≥ 3. 

Proof: Let G = By2, n be a butterfly graph. 

V (G) = {xi, yj, zk : 1 ≤ 𝑖 ≤ 𝑛, 1 ≤ 𝑗 ≤ 𝑛 − 1, 1 ≤ 𝑘 ≤ 2 }. 

E (G) = {xi xi+1: 1 ≤ 𝑖 ≤ 𝑛 − 1} ∪ {x1 xn } ∪ { (yj yj+1) : 1 ≤ 𝑗 ≤ 𝑛 − 2} ∪ { x1 y1} ∪ { x1 yn-1} ∪ 

{x1 z1} ∪ {x1 z2}. 

Here |𝑉 (𝐺)| = 2𝑛 + 1, |𝐸 (𝐺)| = 2𝑛 + 2.  

Define 𝜑 : V (G) → {1, 2, 3, 4}. 

 

The values of xi are labeled as follows. 

Case 1: When 𝑛 ≡ 0, 2, 6 (modulo 8).  

For 1 ≤ 𝑖 ≤ 𝑛.   

r ≡ 5              

s ≡ 3, 7 

2𝑟 + 𝑠 − 1

4
 

2𝑟 + 𝑠 − 1

4
 

2𝑟 + 𝑠 − 1

4
 

2𝑟 + 𝑠 − 1

4
 

r ≡ 5              

s ≡ 4 

2𝑟 + 𝑠 − 2

4
 

2𝑟+𝑠−2

4
 + 1 2𝑟 + 𝑠 − 2

4
 

2𝑟 + 𝑠 − 2

4
 

r ≡ 5              

s ≡ 5 

2𝑟 + 𝑠 − 3

4
 

2𝑟+𝑠−3

4
 + 1 2𝑟 + 𝑠 − 3

4
 

2𝑟+𝑠−3

4
 + 1 

r ≡ 6             

 s ≡ 0 

2𝑟 + 𝑠

4
 

2𝑟 + 𝑠

4
 

2𝑟 + 𝑠

4
 

2𝑟 + 𝑠

4
− 1 

r ≡ 6              

s ≡ 1, 5 

2𝑟 + 𝑠 − 1

4
 

2𝑟 + 𝑠 − 1

4
 

2𝑟 + 𝑠 − 1

4
 

2𝑟 + 𝑠 − 1

4
 

r ≡ 6              

s ≡ 2, 6 

2𝑟 + 𝑠 − 2

4
 

2𝑟+𝑠−2

4
 + 1 2𝑟 + 𝑠 − 2

4
 

2𝑟 + 𝑠 − 2

4
 

r ≡ 6              

s ≡ 3 

2𝑟 + 𝑠 − 3

4
 

2𝑟+𝑠−3

4
 + 1 2𝑟 + 𝑠 − 3

4
 

2𝑟+𝑠−3

4
 + 1 

r ≡ 6              

s ≡ 4 

2𝑟 + 𝑠

4
− 1 

2𝑟 + 𝑠

4
 

2𝑟 + 𝑠

4
 

2𝑟 + 𝑠

4
 

r ≡ 6              

s ≡ 7 

2𝑟+𝑠−3

4
 + 1 2𝑟 + 𝑠 − 3

4
 

2𝑟+𝑠−3

4
 + 1 2𝑟 + 𝑠 − 3

4
 

r ≡ 7              

s ≡ 0 

2𝑟 + 𝑠 − 2

4
 

2𝑟+𝑠−2

4
 + 1 2𝑟 + 𝑠 − 2

4
 

2𝑟 + 𝑠 − 2

4
 

r ≡ 7              

s ≡ 1 

2𝑟 + 𝑠 − 3

4
 

2𝑟+𝑠−3

4
 + 1 2𝑟 + 𝑠 − 3

4
 

2𝑟+𝑠−3

4
 + 1 

r ≡ 7              

s ≡ 2 

2𝑟 + 𝑠

4
 

2𝑟 + 𝑠

4
 

2𝑟 + 𝑠

4
 

2𝑟 + 𝑠

4
− 1 

r ≡ 7              

s ≡ 3, 7 

2𝑟 + 𝑠 − 1

4
 

2𝑟 + 𝑠 − 1

4
 

2𝑟 + 𝑠 − 1

4
 

2𝑟 + 𝑠 − 1

4
 

r ≡ 7              

s ≡ 4 

2𝑟 + 𝑠 − 2

4
 

2𝑟 + 𝑠 − 2

4
 

2𝑟+𝑠−2

4
 + 1 2𝑟 + 𝑠 − 2

4
 

r ≡ 7             

 s ≡ 5 

2𝑟 + 𝑠 − 3

4
 

2𝑟 + 𝑠 − 3

4
 

2𝑟+𝑠−3

4
 + 1 

2𝑟+𝑠−3

4
 + 1 

r ≡ 7              

s ≡ 6 

2𝑟 + 𝑠

4
− 1 

2𝑟 + 𝑠

4
 

2𝑟 + 𝑠

4
 

2𝑟 + 𝑠

4
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𝜑 (xi) = 1 if i ≡ 1, 6 (modulo 8). 

𝜑 (xi) = 2 if i ≡ 3, 4 (modulo 8). 

𝜑 (xi) = 3 if i ≡ 2, 5 (modulo 8). 

𝜑 (xi) = 4 if i ≡ 0, 7 (modulo 8). 

Case 2: When 𝑛 ≡ 1, 7 (modulo 8).  

For 1 ≤ 𝑖 ≤ 𝑛 − 2, the labeling of 𝑥𝑖   values are same as case 1. 

𝜑 (xn) = 1,  𝜑 (xn-1) = 3. 

Case 3: When 𝑛 ≡ 3 (modulo 8).  

For 1 ≤ 𝑖 ≤ 𝑛 − 1, the labeling of 𝑥𝑖   values are same as case 1. 

𝜑 (xn) = 3. 

Case 4: When 𝑛 ≡ 4 (modulo 8).  

For 1 ≤ 𝑖 ≤ 𝑛 − 2, the labeling of 𝑥𝑖   values are same as case 1. 

𝜑 (xn) = 4,  𝜑 (xn-1) = 1. 

Case 5: When 𝑛 ≡ 5 (modulo 8).  

For 1 ≤ 𝑖 ≤ 𝑛 − 3, the labeling of 𝑥𝑖   values are same as case 1. 

𝜑 (xn) = 𝜑 (xn-1) = 1,  𝜑 (xn-2) = 4. 

 

The values of yj are labeled as follows. 

Case 1: When 𝑛 ≡ 0, 1, 2, 3, 4, 5, 6, 7 (modulo 8). 

For 1 ≤ 𝑖 ≤ 𝑛 − 1.   

𝜑 (yj) = 1 if j ≡ 0, 5 (modulo 8). 

𝜑 (yj) = 2 if j ≡ 2, 3 (modulo 8). 

𝜑 (yj) = 3 if j ≡ 6, 7 (modulo 8). 

𝜑 (yj) = 4 if j ≡ 1, 4 (modulo 8). 

The values of zk are labeled as follows. 

Case 1: When 𝑛 ≡ 0, 3 (modulo 8). 

𝜑 (z1) = 1, 𝜑 (z2) = 4. 

Case 2: When 𝑛 ≡ 1, 7 (modulo 8). 

𝜑 (z1) = 𝜑 (z2) = 4. 

Case 3: When 𝑛 ≡ 2 (modulo 8). 

𝜑 (z1) = 1, 𝜑 (z2) = 2. 

Case 4: When 𝑛 ≡ 4 (modulo 8). 

𝜑 (z1) = 1, 𝜑 (z2) = 3. 

Case 5: When 𝑛 ≡ 5 (modulo 8). 

𝜑 (z1) = 𝜑 (z2) = 3. 

Case 6: When 𝑛 ≡ 6 (modulo 8). 

𝜑 (z1) = 3, 𝜑 (z2) = 4. 

The following table concurrence is realized with modulo value 8. 

Nature of n vφ(1) vφ(2) vφ(3) vφ(4) 

n ≡ 0 𝑛

2
 

𝑛

2
 

𝑛

2
 

𝑛

2
+ 1 

n ≡ 1, 3, 5 𝑛 + 1

2
 

𝑛 + 1

2
− 1 

𝑛 + 1

2
 

𝑛 + 1

2
 

n ≡ 2, 4 𝑛

2
+ 1 

𝑛

2
 

𝑛

2
 

𝑛

2
 

n ≡ 6 𝑛

2
 

𝑛

2
+ 1 

𝑛

2
 

𝑛

2
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Table 7: Vertex labeling of By2, n graph. 

The following table concurrence is realized with modulo value 8. 

Table 8: Edge labeling of By2, n graph. 

The above tables 7 and 8 we find that |𝑣φ(𝑖) –  𝑣φ(𝑗)| ≤ 1 and |𝑒𝜑(𝑘) – 𝑒𝜑(𝑙)| ≤ 1. Hence By2, n is 

quotient-4 cordial labeling. 

 

4.CONCLUSION 

In this paper, it is proved that some bicyclic graphs which admits quotient-4 cordial. The existence of 

quotient-4 cordial labeling of different families of graphs will be the future work. 
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n ≡ 7 𝑛 + 1

2
− 1 

𝑛 + 1

2
 

𝑛 + 1

2
 

𝑛 + 1

2
 

Nature of n eφ(0) eφ(1) eφ(2) eφ(3) 

n ≡ 0 𝑛

2
+ 1 

𝑛

2
+ 1 

𝑛

2
 

𝑛

2
 

n ≡ 1, 3, 5, 7 𝑛 + 1

2
 

𝑛 + 1

2
 

𝑛 + 1

2
 

𝑛 + 1

2
 

n ≡ 2, 4 𝑛

2
+ 1 

𝑛

2
 

𝑛

2
 

𝑛

2
+ 1 

n ≡ 6 𝑛

2
 

𝑛

2
+ 1 

𝑛

2
+ 1 

𝑛

2
 


