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Abstract

In computer algebra system open-source software Sage-Math, a programme is built to use the
symmetry approach for differential equations to lower order of second order linear and nonlinear
Ordinary differential equations with known symmetry.
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1 Introduction

The symmetry approach is an effective tool for solving ordinary and partial differential equations [3,
4, 6, 12, 13, 14, 15, 17, 19).]. In case of ordinary differential equation of second order, y"' =
w(x,y,y") with known symmetries, associated with it, the canonical coordinates r = r(x,y),s =
s(x,y) can be found which reduce the order of second order ordinary differential equation by one and
transform the equation in first order ODE.

In this paper we have prepared a program in SageMath [5, 9, 10, 11, 20] for reducing the order of
Second order linear and nonlinear ODE with known symmetries . The table is given with 15 different
types of ODE with known symmetries given by [8].

The program takes input as w(x,y,y") of ODE y"' = w(x,y,y") with number of type (1-15) of ODE
mentioned in the table below and transform the equation in variable v and r of first order ODE as
explained with examples in the paper.

If the type of second order y'' = w(x, y,y") is not included in the table then by giving input number
16, value of w(x, y,y") and the values of x = x(r,s),y = y(r,s) one can find reduced ODE y'' =
w(x,y,y") as explained with the example.

Since SageMath is a free open-source mathematics software system covered by the GPL, anyone can
use the programme provided in the paper, which is very helpful for researchers working with
linear/nonlinear ODE.

The program’s source code can be downloaded from the provided link https://rb.gy/d1187. and
can be run using SageMath cloud or SageMath cell with link http://sagecell.sagemath.org/ without
installing SageMath on computer.

2 Symmetry of second order ODE
Consider y" = W(x,y,y") the Second order ODE with associate infinitesimal operator X =

] ] o _ o, 9 . . . "o
¢(x, y>£+ n(x, y)a. The infinitesimal X = &(x,y) ™ +77ay is associated with the ODE y"' =

W(x,y,y) it X@ @' —W(x,y,v)) = 0wheny” = W(x,y,y"). This is called linearized symmetry
condition for second order ODE [2, 7, 16, 18 ] where

X@  =¢&(x,y)0, +nd, +nMa,, +nPa,,,

W ==y & =) — 7%, (2.1)

77(2) = Mex — Y (Exex — any) - ylz (foy - 77yy) - ylgfyy — {28, + 3€yy, - le}}'"-
The canonical coordinates r = r(x, s), s = r(x, s) can be found from equations [1]
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§@y) o+ y)5 =0.

Using the relation r = r(x,s),s = r(x,s) we find x = ¢(r,s) and y = (r, s).
Using these relation we obtain

(2.2)

Y, ay
r_ 4y _Dr(¥) _ rtS'%s
dx Dy (x) @4_5,@

ar ar

=H(r,s,s") (2.3)

2 OH, oH . oH
yll — a‘y — DT(y’) — ar S as S as! (2 4)
ax? . Dy(x) 08,06 _ 0
ar as as/

where D, = ;_r + s’aa—s + s”% + .- From (2.3), (2.4) and y"" = w(x, y,y") we obtain

dH _0H dH
——+SI——+SI1—

569596 = W(p ¥, H) (2.5)

or 7555t 501

Solving the equation for s’’ we obtain [7]

s" =0(r,s,s") (2.6)
The ODE, however, is invariant under the group of translation in the s direction since r,s are canonical
coordinates,therefore %H(r, s,s") = 0 which implies 8(r,s,s") = 8(r, s"). Therefore from (2.6) we
have s’ = 6(r,s"). By taking v = s’ we obtain first order ODE v, = 6(r,v) where v, = %.
If the reduced equation has general solution

v==G(rcq1). (2.7)
then the ODE has general solution

s(,y) = [r(x,y)G(r,c)dr + ¢, (2.8)
Using relations x = ¢(r,s),y = ¥(r, s) we obtain general solutions in terms of x and y of the second
order ordinary differential equation y"' = w(x,y,y") .

3 Tables for types of ODE with canonical coordinates
In the book Lie group analysis of differential equations volume 1 Ibragimov [8] has given classification

of second order ODE with known symmetries. Using infinitesimal X = &(x, y)% + naa—y associated

with ODE we obtained r,s the canonical coordinates solving equations 2.2. Following table gives thje
type of equations with infinitesimals associated with ODE and values of X,y in terms of r,s .
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Type Second order ODE infinitesimal Canonical coordi-
of oprator nates,r.s.in  terms
equa- of x,y
tion
"w_ ¥ y ., o
1 v'=F(y¥') X=— X=8, Y=TI
d}r'
2 v'=F(x,v") X—“ - X=T, y=8§
iy
3 y' = v F yuy- Y. ) X= 9 r= 1 = !
' 3 Ty T Oy rs’’ E
’3 y—xy " )
i y' = yF (_u. E—-—-;—l) h—y-‘-'-- T=rs,y=r
Y dx
- ” . ' X . o
5 v =F(z,—xy' +v) X=z— T=T,Y=Tr$§
ir
1 . . , ) il
6 _l.‘” - (I;) Ia ( ‘: Y =Ty ) X=z* (;v]w + !IJ{;;} r=r,y=rs
7 T— (l) F (E,_r;') Xﬂ\t‘,‘—J + ff.'i z=e"y=re
T T dr ay
) ' : . )
8 Y = l(r el | (E.H—J"_IJ)—!,*) \—r_:,*,r— r=e " y=r
I fr
7 5 5
9 yo=Fye ", y —-‘(— + !,!‘r'— r =8,y =re
y dr T dy
y o
10 —yF (2, L X=y— -,y =
y iy (J y ) '”Uy r=T,=¢
T 2 xy , ] .
11 y ==y +yFlz,— —In(y) X=zy— r=r,y=e
y y dy
” . ’ , i 7 .
12 y =Flkz+ly,y) X=l— — ke r=e"y=r—ks
oy dy
" ] " ~ 3 r » £ J g
13 Yy = —(p"(x)y + Flx,plx)y - '\_M”‘r_ r=ry=sp(r)
plx) oy
P'(x)y))
14 Y = (k=) ( v 1k I.‘_.’) X _d + ky tJ_ r=e®,y= ek
i ) k'’ T Oy "y ) ‘“
Y= W)
1 ry 95
15 q(y) ’ X=qly) ,{ r=sqlr).y=r
3 ( 1 q i!;}) oz
+y F (y,—— —1
¥ qly)

4 Codes of Program in SagMath
Program in Sage-Math to reduce order of second order ODE with known symmetries
print(' Program is to solve diff equ of the type y_xx=w(x,y,y_Xx)")
var('X,y,r,s,v,s_rv_ry X,y xxs_rrkl,g xx'
function('F’)
function('q’)
function('p)
import math
@interact
def change_varible(A=input_box(default=(1),label="Insert type (1-16) of diff equ")):
U=[F(y,y_x),F(x,y_X),(y_x"3/x"3)*F(y/x,(y-x*y_x)ly_x),(y_x)"3*F(y,(y-x*y_x)/y_X),

FO,Y-X*y_X), (LX) *F(y/X,y-x*y_X),(L/X)*F(y/X,y_X),(1/X)*(-y_X+x"2*y_ x"3*F(y,(y)/(x*y_X)-
In(x))).y*F(y*e”(-x),y_x/y),
YRy _x1y),(L1y)* (y_x"2+y"2*F(x,(x*y_x/y)-In(y))]

if(A==12):

@interact

def R_S12 (w=input_box(default=F(2*x+3*y,y_x),label="Insert function
w(x,y,y_x)"),S=input_box(default=(2),label="Insert value of
k'),R=input_box(default=(3),label="Insert value of I')):

I=R
k=S
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H1=((diff(r-k*s,r)+diff(r-k*s,s)*s_r)/(diff(1*s,r)+diff(I*s,s)*s_r))
G=w(x=I*s,y=r-k*s,y_x=H1)

H2=solve((diff(H1,r)+diff(H1,s)*s_r+diff(H1,s_r)*s_rr)/(diff(I*s,r)+diff(1*s,s)*s_r+diff(I1*s,s_r)*s_rr
)==G,s_rr)
H4=H2[0].rhs()
H3=H2[0].Ihs()
H4=H4(s_r=v)
H3=H3(s_rr=v_r)
print('Diff Equation is of the type y_xx=w(X,y,y_X), where w(x,y,y_X)="F(k*x+I*y,y X))
print("Using canonical coordinates,’,'x=",1*s,'y=",r-k*s,",equation transformed to")
M=H3==H4
Z=M.simplify_full()
show(Z)
print(‘'which is first order ODE in v and r, where v resprests s_r and v_r represents derivative of
V W.r.to r')
elif(A==13):
@interact
def R_S13 (w=input_box(default=[(1/p(X))*(diff(p(x),X,X)*y+F(X,p(X)*y_X-
diff(p(x),x)*y)),p(x)],1abel="Insert function w(x,y,y_x),Insert value of P(x)"),

Sl=w

S2=S1[0]

P=S1[1](x=r)

H1=((diff(s*P,r)+diff(s*P,s)*s_r)/(diff(r,r)+diff(r,s)*s_r))

G=S2(x=r,y=s*P,y_x=H1)

print("""'Diff Equation is of the type y_xx=w(X,y,y_X),
where,""™ 'w(x,y,y_x)=',S2)

H2=solve((diff(H1,r)+diff(H1,s)*s_r+diff(H1,s_r)*s_rr)/(diff(r,r)+diff(r,s)*s_r+diff(r,s_r)*s_rr)==G,
S IT)
H4=H2[0].rhs()
H3=H2[0].1hs()
H4=H4(s_r=v)
H3=H3(s_rr=v_r)
print('Using canonical coordinates,’,’x=",r,'y=",s*P,',equation transformed to’)
M=H3==H4
Z=M.simplify_full()
show(Z)
print(‘which is first order ODE in v and r, where v resprests s_r and v_r represents derivative of
vV w.r.tor')
elif(A==14):
@interact
def R_S14 (w=input_box(default=x"(k-2)*F(x"(-k)*y,x"(1-k)*y_x),label="Insert function
W(X,y,y_x)),
S=input_box(default=(k),label="Insert value of k')):

k=S
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H1=((diff(r*e™(s*K),r)+diff(r*e”(s*k),s)*s_r)/(diff(e”s,r)+diff(e”s,s)*s_r))G=w(x=e"s,y=r*e”(s*K),y
_Xx=H1)

H2=solve((diff(H1,r)+diff(H1,s)*s_r+diff(H1,s_r)*s_rr)/(diff(e”s,r)+diff(e”s,s)*s_r+diff(e”s,s_r)*s_r
N==G,s_rr)

H4=H2[0].rhs()

H3=H2[0].Ihs()

H4=H4(s_r=v)

H3=H3(s_rr=v_r).simplify_full()

print('Diff Equation is of the type y_xx=w(X,y,y_X), where w(x,y,y_X)="X"(k-2)*F(x"(-
K)*y xN(1-k)*y_x))

print(‘"Using canonical coordinates,’,'x=",e"s,'y=",r*e”(s*k),',equation transformed to")

M=H3==H4

Z=M.simplify_full()

show(Z)

print(‘'which is first order ODE in v and r, where v resprests s_r and v_r represents derivative of
V W.r.tor')

elif(A==15):
@interact
def R_S15 (w=input_box(default=[-(diff(diff(q(y),y),y)/a(y))*x*y_x"3+(y_x)"*3*F(y,1/(y_x)-
(diff(q(y),y)*x/q(y))),q(y)].label="Insert function w(x,y,y_x),Insert value of q(y)),
):
Sl=w
S2=S1[0]
Q=S1[1](y=r)
H1=((diff(r,r)+diff(r,s)*s_r)/(diff(s*Q,r)+diff(s*Q,s)*s_r))
G=S2(x=s*Q,y=r,y_x=H1)
print("""'Diff Equation is of the type y_x=w(Xx,y,y_X),
""" SW(X,y,y_X)=',S2)

H2=solve((diff(H1,r)+diff(H1,s)*s_r+diff(H1,s_r)*s_rr)/(diff(s*Q,r)+diff(s*Q,s)*s_r+diff(s*Q,s_r)*
s_rm==G,s_rr)

H4=H2[0].rhs()

H3=H2[0].lhs()

H4=H4(s_r=v)

H3=H3(s_rr=v_r)

print('Using canonical coordinates,’,'x=",s*Q,'y=",r,",equation transformed to")

M=H3==H4

Z=M.simplify_full()

show(Z)

print(‘which is first order ODE in v and r, where v resprests s_r and v_r represents derivative of
V W.r.to r')

elif(A>15):
@interact
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def R_S16 (w=input_box(default=[(3/x-2*Xx)*y_x+4*y,re”s],label="Insert values of
W(x,y,y_)X),x=X(r,S),y=y(r,S)'),

print(‘[Insert values of w(x,y,y_x),and x=x(r,s),y=Yy(r,s) in terms of canonical coordinates r,s]’)
Sl=w
S2=S1[0]
S3=S1[1]
S4=S1|2]
Q=S1[1](y=r)
H1=((diff(S4,r)+diff(S4,s)*s_r)/(diff(S3,r)+diff(S3,s)*s_r))
G=S2(x=S1[1],y=S1[2],y_x=H1)
print("""'Diff Equation is of the type y_x=w(X,y,y_X),
where,""™" 'w(x,y,y_X)=',S2)

H2=solve((diff(H1,r)+diff(H1,s)*s_r+diff(H1,s_r)*s_rr)/(diff(S3,r)+diff(S3,s)*s_r+diff(S3,s_r)*s_rr)
==G,s_Ir)

H4=H2[0].rhs().simplify_full()

H3=H2[0].lhs()

H4=H4(s_r=v)

H3=H3(s_rr=v_r)

print("Using canonical coordinates,’,'x=",s*Q,'y=",r,",equation transformed to")

M=H3==H4

Z=M.simplify_full()

show(Z)

print(‘'which is first order ODE in v and r, where v resprests s_r and v_r represents derivative of
V W.r.to r')

else:
@interact
def R_S1 (w=input_box(default=U[A-1],label="Insert value of w(x,y,y_x)"):
print('Diff Equation is of the type y_xx=w(X,y,y_X), where w(x,y,y_X)=",U[A-1])
L=[[s,r],[r,s],[-1/(r*s),-1/s],[r*s,1],

[r,r*s],[-1/s,-r/s],[e"s,r*ens],[en(r*s),r],[s,r*e"s],[r,e”s],

[r.e"(r*s)]]
H1=((diff(L[A-1][1],)+diff(L[A-1][1],s)*s_r)/(diff(L[A-1][O],r)+diff(L[A-1][0],5)*s_I))
G=w(x=L[A-1][0],y=L[A-1][1],y_x=H1)
H2=solve((diff(H1,r)+diff(H1,s)*s_r+diff(H1,s_r)*s_rr)/

(diff(L[A-1][0],n)+diff(L[A-1][0],s)*s_r+diff(L[A-1][0],s_r)*s_rr)==G,s_rr)

H4=H2[0].rhs()

H3=H2[0].1hs()

H4=H4(s_r=v)

H3=H3(s_rr=v_r)

print('Using canonical coordinates,’,'x=",L[A-1][0],'y=",L[A-1][1],',equation transformed to")

M=H3==H4

Z=M.simplify_full()

show(Z)

print(‘which is first order ODE in v and r, where v resprests s_r and v_r represents derivative of v
w.r.tor')
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5 Examples
Example 5.1 Let

y'=F»y) (5.1)
which is equation of type(1) in above table. By giving inputs as 1, and value of w(x,y,y_X)=F(y,y_X)
we get output as ODE of order one in variable vandr .

v, = —v3F(r,%) (5.2)

ds . . .
where v = = and v, is derivative of vw.r.tor.

Program is to solve diff equ of the type y_xx=w(x,vy,y_x)

*
Insert type
(1-16) of 1
diff equ
Insert value x
of |F(y, y_x)
W(X,Y.Y_X)

Diff Equation is of the type y_xx=w(x,y,y_x), where w(x,y,y_x)= F(y, y_x)
Using canonical coordinates, x= s y= r ,equation transformed to
. 1
3
vp=—vF|r,—
v
which is first order ODE in v and r, where v resprests s_r and v_r represents derivative of v w.r.to r

Figure 1: Reduced first order ODE

Example 5.2 Let

y'=F (y,y_;fy’) y’3 (5.3)
which is equation of type(4) in above table. By giving inputs as 4, and value of
w(x,y,y_X)=F(y, -(x*y_x - y)ly_x)*y_x"3, we get output as ODE of order one in variable vandr .
_ 2v+F(rr%v) (5.4)

T

Uy =

d . . .
where v = d—i and v, is derivative of v w.r.tor.

Program is to solve diff equ of the type y_xx=w(x,y,y_x)

Insert type X
(1-16) of |4
diff equ
Insert value x
of |y_x"3*F(y, -(x*y_x - y)/y_x)
W(X.Y.y_X)

Diff Equation is of the type y_xx=w(x,y,y_x), where w(x,y,y_x)= y_x"3*F(y, -(x*y_x - y)/y_x)
Using canonical coordinates, x= r*s y= r ,equation transformed to
2v+ F (’r, 7'21;)
Vp=—"""""""—
T
which is first order ODE in v and r, where v resprests s_r and v_r represents derivative of v w.r.to r

Figure 2: Reduced first order ODE
) =y+ y_y—’fy' By giving input as

!

Now let F (y, y_y’fy
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wW(X,y,y_X)= y_X"3*(y+(y-x*y_x )ly_Xx) we get output as reduced ODE of order one in terms of

variable v and r.
_r+(r?+2)v

v, = - (5.5)
ds . . .
where v = = and v, is derivative of vw.r.tor.
Program is to solve diff equ of the type y_xx=w(x,y,y_x)
Insert type x
(1-16) of |4
diff equ
x
Insert value
of |y_x"3*(y+(y-x*y_x )/y_x)
W(X,Y.y_X)
(1"2 - 2)1; +r
Vp—=——
r
Diff Equation is of the type y_xx=w(x,y,y_x), where w(x,y,y_x)= y_x"3*F(y, -(x*y_x - y)/y_x)
Using canonical coordinates, x= r*s y= r ,equation transformed to
which is first order ODE in v and r, where v resprests s_r and v_r represents derivative of v w.r.to r
Figure 3: Reduced first order ODE
The equation (5.5) can be further solved to obtain
35 _ (2 _ L1202
=—= (rz 1) tce (5.6)

which in variable separable form on solving and using relation x = rs,y = r we get in terms of X,y
the solution ODE .

Example 5.3 Let[1] 3" = — 2’;y2’3 5.7)
The type of this ODE is not included in above table This ODE includes eight parameter family of
infinitesimals.

Taking infinitesimal operator X = xaa_x admitted by ODE, we obtain x = e%,y =r.
By giving inputs as 16, values of w(x,y,y X)=-2*x*y x"3/y"2 and x = e®,y =r and pressing
(shift+enter) keys we get output as first order ODE invandr .

rép2-2

v, = — (5.8)

r2

d . . .
where v = d—i and v, is derivative of vw.r.tor.
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Program is to solve diff equ of the type y_xx=w(x,y,y_x)

Insert type
(1-16) of |16
diff equ

Insert values of

-(2%x*y_x"3 ~2, e’s,r
WXY.Y_X)X=X(T.S)y=y(rs) L EXYX/02 es.r]
[Insert values of w(x,y,y_x),and x=x(r,s),y=y(r,s) in terms of canonical coordinates r,s]
Diff Equation is of the type y_x=w(x,y,y_x),
where, wix,y,y_x)= -2%x*y_x"3/y"2
Using canonical coordinates, x= s*e*s y= r ,equation transformed to
rvt — 2
’Ur —_———

which is first order ODE in v and r, where v resprests s_r and v_r represents derivative of v w.r.to r

Figure 4: Reduced first order ODE
Now take infinitesimal operator X = yaa—y, we obtainx = e’,y =r.
By giving inputs as 16, values of w(x,y,y x)=-2x*y x"3/y"2 and x =r,y = e® and pressing
(shift+enter) keys we get output as first order ODE invandr.
v, = —2rv3 — v? (5.9)
where v = % and v, is derivative of vw.r.tor.

Program is to solve diff equ of the type y_xx=w(x,y,y_x)

Insert type
(1-16) of 16
diff equ

Insert values of
W(X,Y.y_X).Xx=x(r,s),y=y(r.s)

[-(2*x*y_x"3)/y"*2, r,e"s]
[Insert values of w(x,y,y_x),and x=x(r,s),y=y(r,s) in terms of canonical coordinates r,s]
Diff Equation is of the type y_x=w(x,y,y_x),
where, wix,y,y_x)= -2%x*y x"3/y"2

Using canonical coordinates, x= r*s y= r ,equation transformed to

3 2
U= 210" — v
which is first order ODE in v and r, where v resprests s_r and v_r represents derivative of v w.r.to r

Figure 5: Reduced first order ODE
Remark 5.1 Similarly as explained in above examples by giving the input as type of equation and
value of w(x, y,y") by considering the particular value of F involve in w(x,y,y") of ODE y"' =
w(x,y,y") we obtain reduced ODE of order one.

6 Conclusion
The program given in the paper is very useful to reduce the order of second order ODE by one with
known symmetry. The codes of the program can be further extended to include higher order ODEs.
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