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Abstract

This study deals with Mean time to system failure, Steady state availability, Steady state busy period,
Steady state, the expected frequency of preventive maintenance per unit time and Cost analysis of a
two-unit cold standby redundant system with preventive maintenance are calculated by using
Kolmogorov’s forward equations method. The random failure occurs at random times which follow
an exponential distribution and also the repair time are assumed to be exponentially distributed.

Keywords: Cost analysis, Steady state availability, Mean time to system failure (MTSF), Preventive
maintenance (PM) and the Kolmogorov’s forward equations method.

I. Introduction

Reliability is a vital for proper utilization and maintenance of any system. It involves technique
for increasing system effectiveness through reducing failure frequency and maintenance cost
minimization. We analyzed the system by using linear first order differential equations. Repairable
systems receive maintenance actions that restore/renew system components when they fail. These
actions change the overall makeup of the system.
I1. Review of literature

Kuo-Hsiung wang, Ching- Chang Kuo have studied cost and probabilistic analysis of series
systems with mixed standby components [1]. Khaled. M. El-said and Mohamed Salah EI-Sherbeny
have studied Evaluation of reliability and Availability characteristics of two different systems by using
Linear first order differential equations [2]. El-said have studied Cost analysis of a system with
preventive maintenance by using the Kolmogorov’s forward equations method [3]. M.Y. Haggag have
studied Cost analysis of two dissimilar unit cold stand by system with three states and preventive
maintenance using linear first order differential equations [4]. Ibrahim Yusuf, Nafiu Hussaini have
studied Evaluation of reliability and availability characteristics of 2 out of 3 standby system under a
perfect repair condition [5]. Uba Ahmad Ali, Naziru Idris Bala and Ibrahim Yusuf have studied
Reliability Analysis of a two dissimilar unit cold standby system with three modes using Kolmogorov
forward equation method [6]. Ibrahim Yusuf have studied Comparison of some reliability
characteristics between redundant systems requiring supporting units for their operations [7].

M.Y. Haggag and Ahmed Khayar have studied Cost analysis of a two dissimilar-unit cold stand
by system with preventive maintenance by Kolmogorov’s forward method [8]. U.A. Ali, Saminu
I.Bala, Ibrahim Yusuf have studied Evaluation of mean time to system failure of a repairable 3 out of
4 system with online preventive maintenance [9]. Ibrhim Yusuf, Nafiu Hussaini, Bashir M. Yakasai
have studied Some reliability measures of a Deteriorating system [10]. Ibrahim Yusuf have studied
Comparative analysis of profit between three dissimilar repairable redundant systems using supporting
external device for operation [11]. Ibrahim Yusuf, Bashir Yusuf and Saminu | Bala have studied Mean
time to system failure analysis of a linear consecutive 3 out of 5 warm standby system in the presence
of common cause failure [12]. Ibrahim Yusuf, K. Suleiman and Yusuf Bashir have studied Stochastic
modelling and analysis of a repairable 2 out of 4 system [13]. Pradeep. K. Joshi, Ravindrasen and
Chitaranjan Sharma have studied Reliability and Availability characteristics of a two unit stand by
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redundant system by linear differential equation (LDE) solution Technique [14]. Ibrahim Yusuf have
studied reliability modelling of a parallel system with a supporting device and two types of preventive
maintenance [15]. K. Suleiman, U.A. Ali, Ibrahim Yusuf, A.D.Koko, S.I. Bala have studied
comparison between four dissimilar solar panel configurations[16].

I11. Objectives of the study
i.  Mean time to system failure.
I.  Steady state availability.
Iii.  Steady state busy period.
iv.  Steady state, the expected frequency of preventive maintenance per unit time.
v.  Cost analysis.
IV. The following assumptions are adopted for the system
1. The system consists of two similar units. Initially one unit is operative and the other unit is kept
as cold standby.
Standby is switched to operative state in negligible time.
A repaired unit works as a good as new.
The system is down when both units are non-operative.
5. Each unit has two types of failure.
V. Description of the system
In this paper, the system consists of nine units and the following notations are adopted for the system:

o

a, constant failure rate of type I.

a, constant failure rate of type Il.

B, constant repair rate of type I.

B, constant repair rate of type 1.

p,(t) probability of the system at time t, (t>0) at state ;.

A constant rate for taking a unit into preventive maintenance.
& constant rate end of preventive maintenance.

O the unit is operative.

S the unit is standby.

F., the failed unit is under repair of type I.

F., the failed unit is under repair of type II.

F,, the failed unit is waited for repair of type I.

F,, the failed unit is waited for repair of type II.

0, the operative unit is under preventive maintenance.

s, the standby unit is under preventive maintenance.
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The system can take one of the following states:

So (O!S)v Sl(FRllo) ’ SZ(FRZ’O)’SS(FRl’O) ' 84(FR2’O)1SS(FR1’ sz) ' 86(FR2’ FWl)’S7(FR1' I:w1) ’ Ss(FRZ’ sz)’
sg(op,sp).

V1. System configuration

S7

Ss

So

Se

Fig.1: The states of the System
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VII. Mean time to system failure

For Fig.1 let P (t) probability of the system at time t, (t>0) at state S, let P(t) denote the probability
row vector at time t, then the initial conditions for this problem are

P(0)=[R(0),R(0),R,(0),R(0).R,(0),R,(0),R(0),P, (0), R (0), R (0)] =[10,0,0,0,0,0,0,0]
We obtain the following differential equation:

dR, (1)

“at = _(al T, +l) R (t)+:31P1 (t)+ﬂ2P2 (t)+5P9 (t) (31)
dp(lj—'ft) - _(al ta,+ :31) R (t) + PP (t) +5.R (t) +oRy (t) (3.2)
dp(zi—t(t) =—(a+a, + B,) B (1) + AP, (1) + £.R (1) + P (1) 3.3)
Bl - (e 2)P0+ AR () R (D) (34)
“§024%+@ﬁu0+@am+%g@) (3.5)
dpat(t) =—BP(t)+ P, (t) (3.6)
dpgt(t) =—B,R (1) + P, (1) (3.7)
Bl g +ar() (38)
dt
dpg(t) :_ﬁza(t)"'azpz (t) (3.9)
dt
dgfkhagm+zam (3.10)

This can be written in the matrix form as

P=QP (3.11)
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~(+a,+4) B B, 0 o 0 0 &
o ~(ey+a, + ) 0 B, o B 0 o0
a, 0 —(oy+a,+ ) 0 B, o 0 B o0
0 a, 0 ~(en+5,) 0 B0 0 0 0
Where, g - 0 0 o 0 A=+B) o B 0 0 o0
0 0 0 [ 0 A4 0 0 0 O
0 0 0 0 a, o % 0 0 0
0 oy 0 0 0 o 0 A o0 o
0 0 a, 0 0 0 0 0 A o0
L p) 0 0 0 0 0o 0 0 0 -5

To evaluate the transient solution is too complex therefore we will restrict ourselves in calculating the
MTSF. To calculate the MTSF we take the transpose matrix of Q and delete the rows and columns for
the absorbing state the new matrix is called A. The expected time to reach an absorbing state is
calculated from

1
1
MTSF =E [TP(O)eP(absorbing)] = P(O)(_Ail) 1 (312)
1
1
Where
__(0‘1*'0‘2*"1) o a, 0 ﬂﬂ
ﬂl —(0(1+0(2+ﬂ1) 0 a, 0
N 0 ~(wrath) o @ 0
B, 0 ~(a+ ) 0 0
0 B 0 —(+8) o
L 5 0 0 0 0 -5
N
MTSF = 2 (3.13)
Dl
Where

N, = 3,0 + 3,8 + @i A + ala, A + 6alald + BL RS + 2alal A+ BEBEA + 20,0, B2
+5a,al B8 +5ata, B0 + 20,00, B2 S + Doyl B0 +5al a, B,8 + 20, BBES + o Bl B,S + 2l BS,6
+o, B BES + 20, B 3,0 + 20l BB, + o, BEA + 200,02 BA + 2al a, BA + aya, BEA + 200 B,
+2ala, B A+ o B BEA+a BB A + ol BA + L, BBEA + LBl BoA +al BB, A +8aya, BB,S

+Hana, B, B4

UGC CARE Group-1, Sr. No.-158 (Sciences) 199



Industrial Engineering Journal
ISSN: 0970-2555
Volume: 52, Issue 3, No. 2, March: 2023

4 3 2 3 3 3 2 3 2 2 2 2 2
l:al a, +3 oy + B+ 20,0, p, + o B, +3ara; + 30y, B+ 30, By + 20, B By

+0l12 azﬂzz + alz ﬂlﬂZz + ala; + Zalagﬂl + alajﬂz + 0‘10‘22 ﬂlz + 20‘10‘22 BB, + 0!23 BB, + azz ﬂlzﬂz
VII1I. Availability analysis
The initial conditions for this problem are the same as for the reliability case:

P(0)=[10,0,0,0,0,0,0,0]

The differential equations form can be expressed as:

Po

5| | lare+) A, 5, 0 0 0 0 0 0 &R
. % —(aq+a,+ ) 0 B, o B 0o olPr
n a, 0 —(aq+a,+ ) 0 A, o 0o o A olP
P 0 a, 0 ~(a+8,) 0 B o o o ofPf
Pa|_ 0 0 o 0 ~(@+B) o B o o o™
Ps 0 0 o 0 A 0 o o ol
Pe 0 0 0 0 a, o % o o0 o0 Eﬁ
5. 0 o 0 0 0 0 0o A 0 O P7
. 0 0 a, 0 0 0 0 0 5 o3
Pa | | A 0 0 0 0 0 0 o o -sth]

P |

The steady state availability can be obtained using the following procedure. In the steady state, the
derivatives of the state probabilities become zero. That allows us to calculate the steady state
probabilities with.

A(0) =Ry () + B (0) + By (0) + Py (0) + P () + o () (4.1)
QP()=0 (4.2)

Or in the matrix form

—(a+a, +4) JiA B, 0 0 o 0o o0 0 5/(R] [0
2 —(e+a,+ ) 0 B, 0 o o A o ollR| |o
a, 0 _(a1+a2 +ﬁ2) 0 B 0 0 B 0 R, 0
0 a, 0 —(a, + ;) 0 B o o o ol o0
0 0 o 0 ~(@+B8) o B o o0 o]0
0 0 0 2 0 A 0o o o ol |0
0 0 0 0 a, o A o o ol |0
0 al 0 0 0 o o A o ol |0
0 0 a, 0 0 0o 0o o B ol |0
i A 0 0 0 0 0 0o 0o o -s/lthl Lo

To obtain P,(«),R(x),P,(x),P,(*),P,(x),R, () we solve the equation (4.2) and the following

normalizing condition
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Ry (20) + Py () + Py (0) + Py(20) + P (0) + Py (0) + By (20) + Py (o0) + By (0) + Ry (o0) =1 (4.3)

We substitute the equation (4.3) in any one of the redundant rows in equation (4.2)

[—(ay+a,+4) B, 5, 0 0 0 0 0 S|P To

0 o\ R 0
% ~(a+a,+ ) 0 B 0 o o A o ofR| |o
a, 0 —(0!1+a2 +ﬁ2) 0 B 0 0 0 B o|lR 0
0 a, 0 ~(a+5,) 0 B o o o ofP| |0
0 0 Oa 0 “(+B) o B 0o 0 o0 E‘ -0
0 0 0 o 0 -/ 0 0 0 0 . 0
0 0 0 0 a, o A 0 0 0 . 0
0 2 0 0 0 o 0o A 0 o0 i 0
0 0 a, 0 0 o o o A ol |0
RJ Lo
L 1 1 1 1 1 11 1 1 qjted LY
The steady state availability A(«) is given by
A() = e (4.4)
D2
Where
N, =55, (2a1a25 +a B0 +a, B0+ B B,0+ ﬁlﬂZﬂ’)
D, =&/ B;0 +a; BI5 + PSS + Bl Py A+ 0405 BiS + 0, 1,6 + u B 55 + B B0 + 20401, 3, 5,8
IX. Busy period analysis
The initial conditions for this problem are the same as for the reliability case
P(0)=[R(0).R(0).P,(0).R;(0).P,(0).R,(0). R (0).P,(0). R (0). R (0) ]
=[1,0,0,0,0,0,0,0,0]
The differential equations form can be expressed as
Po ~ _
5| |(@retd) B, B, 0 0 0 o0 5P
: A “(a+a,+ ) 0 B, o A o ofR
. 2 0 (& +a,+ ;) 0 B, o o o A olP
Ps 0 a, 0 ~(a+ 3,) 0 o o o ofP
P2 0 0 o o (®+A) o A o o0 o0 ':j
Ps 0 0 0 o 0 - 0 0 0 O P5
P 0 0 0 a o % o0 o0 o0 Pﬁ
5 0 o 0 0 0 0 0 A 0 o0 P7
) 0 0 a, 0 0 o 0 0 A o0 .
Ps | | A 0 0 0 0o 0 0 o0 -5t
LPs ]
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The steady state busy period can be obtained using the following procedure. In the steady state, the
derivatives of the state probabilities become zero. That allows us to calculate the steady state
probabilities with

B(oo):l—[Po(oo)+P9(oo)] (5.1)
QP () =0 (5.2)

Or, in the matrix form

I}

—(a+a,+1) JiA B, 0 0 o 0o o &P [o]

2 —(a+o, + ) 0 B, 0 o A o o|R| |o
a, 0 —(ay+ o, + ) 0 B, o o B ol|P]| |0
0 a, 0 —(ay+ ,) 0 B o o o ol o0
0 0 al 0 ~(@+B) o B o o o0
0 0 0 al 0 A 0 o o of||0
0 0 0 0 a, o A o o ol |0
0 @ 0 0 0 o o A o o] |0
0 0 a, 0 0 o 0o o B ol |0

L ) 0 0 0 0 0 0o o o s/l Lol

to obtain P, («), P, (=) we solve the equation (5.2) and the following normalising condition

Ry () + P, (20) + P, (00) + Py (0) + P, (20) + Py (0) + Py (0) + P, (0) + By (00) + P, (o0) =1 (5.3)

We substitute the equation (5.3) in any one of the redundant rows in equation (5.2) to yield

(e +a,+2) A, B, 0 0 o o o o &R [o]
o (e +a, + ) 0 B, o o A o olR| |o
, 0 —(ay+a, + ) 0 A o o o A ofPR]| o
0 2, 0 ~(ey+ ;) 0 B o o o ofPR| |0
0 0 o 0 ~(@+8) o B o o of|=|0
0 0 al 0 A 0 o o o= |0
0 0 0 0 a, o A o o o] |0
0 a, 0 0 0 o o A o o] |0
0 a, 0 0 0o 0 0 A o Ef 0

L 1 1 1 1 1 1 1 1 pjtted Lol

The steady state busy period B(«) is given by

B (<) =1—{H (5.4)

D2

Where N, =82,(5+2)
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X. The expected frequency of preventive maintenance
The initial conditions for this problem are the same as for the reliability case:

P(0)=[10,0,0,0,0,0,0,0]

The differential equations form can be expressed as:

Po

5| |(@rerd) B, B, 0 0 0 5P
5 o ~(a+a,+ ) 0 B, 0 o o A o oflPR
. a, 0 —(a+a,+ ;) 0 B, o 0o o B olfP
P 0 a, 0 ~(a+13,) 0 o o o ofP
Pel= 0 a 0 ~(@+B) o B o o of
Ps 0 0 o 0 A 0o o o oM
Pe 0 0 0 0 a o % o0 o0 o0 E
5. 0 2 0 0 0 0 0 A 0 o0 P7
. 0 0 a, 0 0 0 0 0 B o]°?3:
Ps | | A 0 0 0 0 0 o0 o -sltt]

| Pa.

The steady state, the expected frequency of preventive maintenance per unit time can be obtained using
the following procedure. In the steady state, the derivatives of the state probabilities become zero. That
allows us to calculate the steady state probabilities with

()= () 6.)
QP () =0 (6.2)

Or, in the matrix form

~(a+ o, +4) A, B, 0 0 o 0o 0o 0 S5[R] o
a —(q+a,+ ) 0 B, 0 o A o ollPR| |o
a, 0 —(a+a, + ) 0 A o o o A ofPR]| o
0 2, 0 ~(a+5,) 0 B o o o ofPR| |0
0 0 o 0 ~(@+B) o B o o ol |=|0
0 0 o 0 A 0 o o o= |0
0 0 0 0 a, o A o o o] |0
0 2 0 0 0 o o A o o] |0
0 0 a, 0 0o 0o o B ol |0
L 1 1 1 1 1 1 1 1 1 1)th] Lo

To obtain P,(«) we solve the equation (6.2) and the following normalizing condition:
Ry () + B (o0) + Py () + Py () + P, (20) + s (o0) + By (0) + Py (0) + Ry (0) + Py (o0) = 1 (6.3)
We substitute the equation (6.3) in any one of the redundant rows in equation (6.2) to yield
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i b, 0 0 0 5P o]
o —(+a,+ ) 0 B, 0 o o A o of|lR| |o
a, 0 —(0!1+a2 +ﬁ2) 0 B 0 0 0 B ol|P 0
0 a, 0 ~(oy+ 5,) 0 B o o o ofPR| |0
0 0 Oa 0 ~(@+B) o B o o ol ][0
0 0 0 2 0 A 0 o o of> |0
0 0 0 0 a, o A o o ol |0
0 o 0 0 0 o o A o ol |0
0 0 a, 0 0 o o o B ol |0
L 1 1 1 1 1 101 1 1 gl ol

The steady state, the expected frequency of preventive maintenance per unit time K(«)is given by

2 2/1
K (o) =2 D{Z :';_: (6.4)

Where N, = g2824

XI. Cost analysis

The expected total profit per unit time incurred to the system in the steady state is given by:

PF (20) = CyA(0) — C,B(20) — C,K () (7.)
Where,

PF is the profit incurred to the system,

C, IS the revenue per unit up-time of the system,
C, is the cost per unit time which the system is under repair
C, Is the cost per preventive maintenance.

XI1. Special case

After study the system when the preventive maintenance is not allowed, we get the mean time to
system failure is given by

2>

MTSF = ! (8.1)
1

Where
N, = 30,026 + 3,6 + 602025 + BL 326 + 20,0, B25 + 5oy 0 3,5 + 50, B6 + 20,00, 325 + 5,02 5,6
+5a 0, 3,6 + 20, 535 + 0y i B0 + 205 BBy + 0, B3y 6 + 20,5 BrS + 203 B 3,6 + Benar, 50

4 3 2 3 3 3 2 3 2 2 2 2 2
o, +3a a, oo f+ 20,8, + o B, + 3, + 30, B+ 30y 0 B, + 204 a, BB
2 2 2 p2 4 3 3 2 p2 2 3 2 2
ta o, oy B, +ana, + 200, B+ avan By + onar, B+ 20005, BB, + o, BB, + o BBy
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The steady state availability is given by

. N
A(w) = =2
() B,
Where
Nz = 30513052 + 6a12a22 + Safaz B+ 50(12052 B, + 20{12 BB, + 30(10(23 + 50510(22 B+ 50516122 B, +2a0, ﬂf
+8a1a2ﬂ1ﬁ2 + zalazﬂzz + alﬂlzﬂZ + 2a1ﬂ1ﬂ22 + Zazzﬁlﬂz + zazﬂlzﬁz + aZﬂlﬂzz + ﬂlzﬂZZ
D, = 0!14 a, + 30[13 azz + 0‘13 ap+ 20‘13 p, + als BB, + 305120‘23 + 305126122 A+ 3alza22 B+ Zalz(ZZﬂlﬁZ
+af oy + ol B + enas; + 20005 B + auoy By + v B+ 20005 By + i BB, + o B
The steady state busy period is given by
B =1—¥ 8.3
(=) B, (8.3)
Where,
Ns =pp,
The steady state, the expected frequency of preventive maintenance per unit time is given by
R (o) = e 8.4
(=)=5; (8.4)
Where,
N, = 5
Table 1: Relation between failure rate of type | and both the MTSF and the profit of the system
(with and without PM)
a MTSF of the system | MTSF of the system | The profit of the | The profit of the
with PM without PM system with PM | system without
1.0e+03 PM
1.0e+03
1 869.6870 1.8927 451.5158 1.9779
1.5 620.9395 1.8896 325.1392 1.9703
2 449.0964 1.8858 237.0482 1.9615
2.5 334.9267 1.8813 178.1200 1.9514
3 257.9897 1.8761 138.1779 1.9403
3.5 204.5985 1.8703 110.3155 1.9282
4 166.3617 1.8638 90.2662 1.9152
4.5 138.1608 1.8568 75.4131 1.9014
5 116.8097 1.8491 64.1203 1.8869
208
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Fig. 2: Relation between the failure rate of type | and MTSF
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Fig. 3 Relation between the failure rate of type I and the Profit
XI11. Conclusion

MTSF and profit function with respect to «, for both systems with and without preventive
maintenance graphically, it was observing that, the increase of failure rate « at constant «,=0.04,
B =05,8=1, 1=02,5=02,C,=2000,C, =200,C,=200. The MTSF and the profit function of the

system decreases for both systems with and without preventive maintenance and also a system with
preventive maintenance is greater than the system without preventive maintenance with respect to the
MTSF and the profit function incurred to the model.
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