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Abstract
In this paper, we study a new class ¢, (o, 3,v,A) using the Salagean differential operator. Also obtained

various properties of given class such as coefficient estimates, convex linear combination, extreme
points and their related results.

Keywords: Analytic functions, Univalent functions, Salagean derivative
AMS Subject Classification: 30C45, 30C50.

Introduction
Let A, denote the class of analytic univalent functions of the form:

f(z):z+ia\2kz2k )

defined in the unit disc U ={z:|z| <1}
Let ¢, denote the subclass of A, in U, consisting of analytic functions whose non-zero coefficients

from the second onwards are negative. That is, an analytic function f € ¢, , if it has a Taylor expansion
of the form

f(2)=2->8,7%, (8, =0) 2
k=2
which are univalent in the open disc U .

For f € A, Salagean [1], introduced the following operator D" which is called the Salagean

differential operator.
D°f(z)=f(z), Df(z)="f'(2)

D"f(z)=D(D"'f (2)), neN.
We note that,

D"f(z) =z+ ) (2K)"a, 2%, neN,. (3)
k=2

Now by Salagean differential operator, we describe the following subclass of ¢, .
Let ¢, (a,B,v,A) be the subclass of ¢, consisting of functions which satisfy the conditions

{ 1-z(D"f)’ }
R >y
1-z(D"f) +(@1-2)(D"f) - (o.— ) (4)

for some 0<a<1,0<P<1,0<y<l,0<A<landneN,.
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Coefficient Estimates
Theorem 2.1: A function f defined by (2) is in the class ¢, (c.,B,y,A) if and only if

S (2K)"a, [2ky — 2Kk + A —y] < Yot~ B+ A —1) 2.1)

Where 0<a<1,0<p<1,0<y<l,0<A<landne N,.
Proof: Suppose f € ¢, (a,B,v,A) . Then

R{ 1-z(D"f) }w
1-z(D"f) +(@-A)D"f)—(a—PB)

1-z+) (2k)" 2ka,, z*
k=2

B - >,
1-2+) (2K)"2ka, z* + (1-A)(z - > (2K)" 2ka,, 2*) — (0. —B)

k=2

R

Letting z—1, then we get

D (2k)" 2kay,
k=2

- p >,
D (2k)" 2Ka,, +(1-1)A- Y (2k)"ay,) - (. —B)

D (2K)"2kay, >y (2K)" 2Kay, +v -7 (2K)"a, — YA+ VLY (2K)" 8, —v(a—B)
k=2 k=2 k=2 k=2

D (2K) ay, [y2k —y +vh—2K] < y(o.—B) =7 +7A
k=2

00

Z(Zk)”aZK[Zky—2k+yk—y]<y(0c—B+K—l).

k=2
Conversely assume that (2.1) be true, we have to show that (4) is satisfied or equivalently,

1-2(D"f) a1y
1-2(D"f) +(1-2)(D"f)—(a—P) '

But
1-z+ ) (2k)"2ka, z*
k=2 1
1-7+ (2K)" 2Ka, 2% + (1= A)(z— Y (2K)" 2Ka,, %) - (ot )
2 2

> (2)" 2 (1) ~ (-1~ (@)

A

3 (2K (2K -1 2)+ (-~ (o —B))

The last expression is bounded above by 1-v if
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2. (2K)"a, (1-2) = (=D~ (a~p)

k=2

< LY (28, 2k -142) + Q- 2~ (a-P)]
Or 7
3" (2K ay [2ky - 2k + 1~ 7] < y(ot— B+ 1-1)

k=2
which is true by hypothesis. This completes the assertion of Theorem 2.1.
Corollary 2.2: If f e, (a,pB,y,A)then
v(a—B+A-1)
(2K)"[2ky — 2k +yA—y]

|a2k| <
Proof: From the Theorem 2.1,

Z (2K)"[2ky — 2k + v, —v]ay,

k=2

<> (2k)"[2ky — 2k +yA, —v]ay,

k=2

<y(a—B+1r-1)
For f(z)eo,(a,B,v,A,).
Hence f(z)eo,(a,B,y,A)).

Theorem 2.3: Let f(z) €p,(a,B,v,2). Define f,(z)=1z and
y(a—-B+A-1)
(2k)"[2ky — 2k +yA —7]
forsome 0<o0<1,0<B<l,0<y<l0<A<landneNjandzeU,f e (o f,y,2)

f,(2)=2+ 2%, k=2,3,...

if and only if f can be expressed as f(z) = u, f, (z) where u, >0 and > u, =1.

k=1 k=1

Proof: If f(z) =) U, f,(2) with > u, =1,u, >0 then
k=1 k=1

& (2K)"[2Ky = 2K +yA —yJuy o o o
; 2K T2k 2k g y] PRl

=S Uy (Bt A1)

=(1-u)y(oe—p+r-1)
<y(a—-B+r-1).
Hence f €, (a,B,y,A). Conversely, let

f(2)=2-) a,z* e¢,(a.B,7.2)
k=2

define
_ (2K)"[2ky — 2K + 7 ~v][ay|
% y(o—B+1r-1)

, k=2,3,..
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and define u, =1->"u,, .
k=2

0

From Theorem 2.1, Zqu <landso u,>0.Since
k=1

2%
Uy f (2) =u, f +a,z

ZUZK f(2) = Z_ZaZkZZk =f(2).
k=1 k=2

Theorem 2.4: The class ¢, (a,B,y,A)is closed under convex linear combination.
Proof: Let f,geS, (a,B,v,A) and let

f(z)=2-) a,z*
k=2

and 9(z)=z-) b, z%.
k=2

For & such that 0 <& <1, it suffices to show that the function define by
h(z) =(1-8) f(2)+&9(2),
z €U belongs to o, (a,fB,v,A). Now,

h(z) =z _Z[(l_&)azk +Eby, J2%.
k=2
Apply Theorem 2.1, for f,g <o, (a,B,y,A). We have,

S (2K)"[2Ky - 2K + YA~ 7] [(A - E)ay, +EDyy]

k=2

= (1) (2K)"[2ky - 2K + 72— 1]ay,

k=2

+£3" (2K)"[2Ky — 2K + 1.~ y]byy

k=2

<@-y(a-P+r-D+Ey(a-P+1-1)
=y(a—B+Ar-1).

This implies that he ¢, (o, B, v, 1) .

Corollary 2.5: If f,(z), f,(z)arein ¢,(a,B,y,A)then the function defined by

9(2) =§[f1(z)+ ()]
isalsoin o, (a,B,v,A).

Theorem 2.6: Let fj(z)zz—kz;‘amz2k belongs to ¢,(a,B,v,A), for j=12,..,2kand 0<%, <1

2k 2k
such that » 2, =1, then the function F(z)defined by F(z)= Y A, f, (k)
j=1 j=1

isalsoin o, (a,B,y,A).
Proof: Foreach je{1,2,3,...,2k}, we obtain

UGC CARE Group-1, 109



Industrial Engineering Journal
ISSN: 0970-2555
Volume : 52, Issue 6, No. 3, June : 2023

S (2K)"[2ky — 2K + YA —yl[ag| < y(@—-p+1-1)

k=2
2k ©
F(z)= ij (z —Zam(‘jzz"j
=1 k=2

Since

—Z(Zk) [2ky -2k +yA — V]{Zk . J}

k=2

= Z% [Z(Zk)“[Zkv—Zk +Y7M—Y]}

j=1 k=2
2k
<ijy(a—5+x—1)
j=1
<y(a—-B+Ar-1).
S F(2) e, (0, B,y,A).
Theorem 2.7: Let f(z) € ¢,(c,B,y,1). Komato operator of f iswell-defined by

¢ -1
k(2)= I(Crt;)) (og%) @dt, c>-1,020

then k(z) e ¢, (o, B, v, 1) .

Proof: We have
frc R Y ()
_([t (Iogj dt = 1)

Focen( YT T(9)
It (Iog—) dt—(C o k=23,...

(c+D)°*| [ 1]‘“ &t ( 1)‘”
k(z) = t°log=| zdt—) z°|a,t log=| dt
(1) =" [t log > ! " ok

. . c+1 Y
Since f €, (a,B,v,A)and since <1, we have

c+2k

3 (20" L2y 2+ y][ *21k] -

< y(a B+A-1).
Theorem 2.8: Let f ¢, (a,B,y,A)then for every 0 <5 <1 the function

\ps(z):(l—é)f(z)+6j¥dt.
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Proof: We have

ys(2) =1 —Z(1+%—6Ja2k22k.

k=2

Since, (1+%—8) <1,k >2, so by Theorem 2.1

Z(l+i—8](2k)”[2ky—2k +yA—vla,,
2y 2K
< Z(Zk)”[Zky— 2k +yh —vyla,,
k=2
<y(a—B+Ar-1).
Therefore y;(z) € ¢, (ct,B,v,A).
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