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Abstract

We consider a version of the double integral calculus of variations on time scales, which includes as
special cases the classical two-variable calculus of variations and the discrete two-variable calculus of
variations. Necessary and sufficient conditions for a local extremism are established, among them an
analogue of the Euler—Lagrange equation.

1. Introduction

Variational problems are similar to the important problem in the usual differential calculus in which
we determine maximum or minimum values of a functiony f (x) for values x in a certain interval of
the reals R or in a region of Rn . The main difference is that in variational problems we deal with so-
called functionals instead of usual functions. Recall that any mappingJ X R of an arbitrary set
X (in particular, X may be a set of functions) into the real numbers R is called a functional. Various
entities in geometry, physics, mechanics, technology, and nature have a tendency to minimize (or
maximize) some quantities. Those quantities can mathematically be described as functionals.
Variational calculus gives methods for finding the minimal or maximal values of functionals, and
problems that consist in finding minima or maxima of a functional are called variational problems.
Several important variational problems such as the brachistochrone problem, the problem of geodesics,
and the isoperimetric problem were first posed at the end of the 17th century (beginning in 1696).
General methods of solving variational problems were created by

L. Euler and J. Lagrange in the 18th century. Later on, variational calculus became an independent
mathematical discipline with its own research methods. Since the concept of functional (that is a
special case of the concept of operator) is one of the main subjects investigated in functional analysis,
calculus of variations is considered at present as a branch of functional analysis.

Continuous single and multivariable calculus of variations possesses an extensive literature from
which we indicate here only [1,2]. Discrete variable calculus of variations has started to be considered
systematically only during the last two decades. An account on the single discrete variable case can be
found in [3-6] whereas the two discrete variable case is concerned in [7]. In order to unify continuous
and discrete analysis and to extend those areas to “in between” cases, Aulbach and Hilger [8,9]
generalized the definition of a derivative and of an integral to functions whose domains of definition
are time scales. A time scale is a nonempty closed subset of the reals. Time scales calculus allows to
unify and extend many problems from the theories of differential and of difference equations (see
[10,11]). Single time scale variable calculus of variations (that contains both continuous and discrete
calculus of variations as special cases) was initiated in [12] and further developed in [13,14]. At present
this topic is in progress. Recently, in [15] a two-variable calculus of variations on time scales was
initiated by Ahlbrandt and Morian, where an Euler—Lagrange equation for double integral variational
problems on time scales was obtained in case of rectangular regions of integration. In the present paper,
we reformulate this problem for the case of so-called w-type regions of integration, using the
multivariable differential and integral calculus developed by the authors in [16-18].

This paper is organized as follows. In Section 2, following [16-18], we give a brief introduction into
the two- variable time scales calculus and present a version of Green’s formula for ®-type regions in
a time scale plane. Section 3 formulates the statement of the double integral variational problem. In
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Section 4, the first and second variations of a functional are introduced and necessary and sufficient
conditions for local minima of the functional are provided in terms of the first and second variations.
Finally, in Section 5, we present a version of the Euler—Lagrange equation for two-dimensional
variational calculus on time scales.

>, &
Nioeay

% &
Ly

2. The two-variable time scales calculus
A time scale is an arbitrary nonempty closed subset of the real numbers. For a general introduction to
the calculus of one time scale variable we refer the reader to the textbooks [10,11]. In this section,
following [16-18], we give a brief introduction into the two-variable time scales calculus.
Let T and Tz be two given time scales and put Tix T:= {fx, ¥) x € Ti. ¥ € Tz}, which is a complete metric
space with the metric (distance) o defined by

d((x.y). (. y)) = , (r-x'P+(y-p)*  for(x,y), (x",3)eT1xTo.

For a given & = 0, the d-neighborhood Lixn, vo) of a given point (xo, yo) € T1 = T2 iz the set of all pointsfx,
¥) € Ty= Tzsuch that df{xo, po). {x. ¥)) < &. Let 01 and 02 be the forward jump operators in T1 and Ty, respectively.
The first-order partizl delts derivatives of f: Ty = T2 = B at a poiat (xo, yo) € T* = T are defined to

1
be

FA

m_l':'ﬁ = Hm Oxa), vo) = X. W
Aix XX /= i) oifxe) - x
and
21l va) _ m Fixg oafval) — £ vl
Azy P /=) Oxfye) - ¥

These derivatives will be denoted also by ™ (xo, yo) and 7 (xo, yu), respectively. If 7 has partial derivatives

o= and S0 then we can also consider thewr partial derivatives. [hese are called sec -order partial derivatives.
Ax Ay

We write

& fix, v) & fix, v A A A A
a and ., - oot fF Uty and  F O C(x, )

" o

for the partial delta derivatives of 2% with respect to x and with respect to y, respectively. Thus

flxy) 8 éffxyl and ffry) 8 Bffxy
Apx? Aix A AzypAix Ay A
Higher-order partial delta derivatives are defined similarly. By [16, Theorem 6.1] we have the
following result that gives us a sufficient condition for the independence of mixed partial delta
derivatives of the order of differentiation.

Theorem 2.1. Let a function f: T x T — R have the mixed partial delta derivatives 0 f (x,y) and 0 f
(X,y) in some
neighborhood of the point (x0, y0) € Tk x Tk . If these derivatives are continuous at (x0, y0), then

& fixo, vo) & ffxo, yo)

AxAzy APl

We now introduce double Riemann delta integrals over regions in T1xT2. First we define double
Riemann integrals over rectangles (for details see [17]). Suppose a < b are points in T1, ¢ <d are points
in T2, [a, b) is the half-closed bounded interval in T1, and [c, d) is the half-closed bounded interval in
T2. Let us introduce a “rectangle” (or “delta rectangle”) in T1 x T2 by
R=[a,b)x[c,d)={(x,y):x€[ab),ye[c,d}. (2.1)

Let
{x0,x1,...,xn}c[a,b], wherea=x0<xl<---<xn=b
{y0,vy1,...,yk}c[c,d], wherec=y0<yl<-.-<yk=d.

UGC CARE Group-1, 21



Industrial Engineering Journal

ISSN: 0970-2555
Volume : 53, Issue 2, No. 1, February : 2024

>, \-t»
Nioeay

and

The numbers 7 and & may be arbitrary positive integers. We call the collection of intervals P =
Lo, xi) - 127 < nl 2 A-partition (or delta partition ) of [a, b) and denoteqthe set of all A-partitions of [a, b)
by P(La, ). Similarly, the collection of intervals Pr= [y, ¥;) 1 1€ j £k iscalled a A-partition of [c, d) and
the set of all A-partitions of [c, d) is denoted by P([c, d}} Let us set

Rij = [xio1, xi) = Dyj-1, i), where 1€i 12k 22
We call the collection
P= Ry:1<idnlZj<f 3 (2.3

a A-partition of B, generated by the A-partitions P1 and Pz ofl a, &) and] ¢, d), respectively, and write &= P1« Pa.
The rectangles B; ;. 1< E wn, 1< g & are called the subrectangles of the partition F. The set of all A-partitions
of R iz denoted by fR).

We need the following auxiliary result. See [11, Lemma 5.7] for the proof

Lemma 1.2, For any & > 0 there exists at least one Fy € P([a, b)) generated by a set
ixp,x1, ..., % € [a, 8], wherea=xp<x1<--<xx=2~
so that far eack i € {1,2, ... nl either 12 — 10 £ 8 or 3¢ — x> 8 and Cifrie) = 10

We denote by Pgla, b)) the zet of all Py € P([a, b)) that pozzess the property indicated in Lemma 2.2, Similarly
we define Pg([c, d)). Fusther, by Pi{R) we denote the set of all P € P(R) such that

P=Pr=Py,  where P € Psfla, b)) and P1 € Ps(Le, d]).

Definition 2.3. Let f be a bounded function on R and P € P{R) be givea by (2.2) znd (2.3). [n each “rectangle” R:;
with 127 £ n, 1< j <k choose an arbitrary point (&, f:;) and form the sum

-
5= F &, mig)xi — xic) (v - ¥i1). (249

i=1 j=1
We call & a Riemarn A-sum of f corresponding to P € P{R). We say that f is Riemann A-integrable over R if
there exists a number ] with the following property: For each & > 0 there exists § > 0 such that |§ - J| < efor
every Fiemann A-sum 5 of f corresponding to any P € P5(R) independent of the way in which we choose(fi;, qi
JERjforl£i€n 12 j<k The sumber I is the double Riemann A-iategral of fover R, denoted by
Y fx, p)AxAry. We write T = lima_p 5.
We call S a Riemann A-sum of f corresponding to P € P(R). We say that f is Riemann A-integrable
over R if there exists a number I with the following property: For each € > 0 there exists 6 > 0 such
that |[S — I | < ¢ for every Riemann A-sum S of f corresponding to any P € P3(R) independent of the
way in which we choose (§1j,nij) € Rij for 1 <i<n, 1 <j<k. The number I is the double Riemann
A-integral of f over R, denoted by
R f(x, y)A1xA2 y. We write [ =1imd—0 S.

It is easy to see that the number | from Definition 2.3 is unique if it exists. Hence the double Riemann
A-integral is well defined. Note also that in Definition 2.3 we need not assume the boundedness of f in
advance. However, it easily follows that the Riemann A-integrability of a function f over R implies its
boundedness on R.

In our definition of R f(x, y)A1xA2 y with R =[a, b) x [c, d) we assumed thata <b and ¢ <d. We
extend the definition to the case a <b and ¢ < d by setting

[IRf(x,y)AlxA2y=0 ifa=borc=d. (2.5)

Theorem 2.4. Assume a, b € T1 with a<b and ¢, d € T2 with ¢ < d. Every constant function f (t, s) =
Afor (x,y) ER =[a, b) x [c, d)

is A-integrable over R and

IR f(x,y)AlxA2 y =A(b—a)(d —c). (2.6)
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Proof. Leta < b and ¢ < d. Consider a partition P of B = [a, &) = [ ¢, d) of the type (2.2) and (2.3). Thus we have
from (2.4)

o>

\
Nioaa ™

ol
5= Afxi = xi)(v; - yj-1) = Afd - al(d - ),
i=1 j=1

so f iz A-integrable and (2.6) holds. Fora = d ore = 4, (2.6) follows by (2.3).  Q

Theorem 2.5, Lef xo € T1 and yo € Tz Bvery function f: T1= T1 = R is A-infegrable over Rix, yo) =[x,
afxo)) = [yo, az(i)), and

Ex ¥ fx. p)AwxAry = pifxo)pa(ye) £ (xo. o). (2.7}
o w

where U1(xo) = a1fxg) - x0 and p2fy) = o2(y) - »

Proof. If pifxg) € or pa{vy) Osthen (2.7) iz obvious az both sides of (2.7) are equal to zero in thiz caze. If
Mifxg) = 0 and paf{vg) = 0, then a zingle partition of R{xo, yo) iz P= {[x0, o1(x0)) vo, oxfve))l  {{xo, po)i, so
that from (2.4) T -

§ = fixo. yo){or(xe) — xo){o2(yo) — yo) = f (x0, yo)pi(xo)piz(yo).
Therefore [ is A-integrable over Rfxo, yo) and (2.7) holds. Q

Theorem 2.6, Leta, b e Towitha = bandc,d € Trwithe = d. Then we have:

(il If T1 = T1 = R, then q bounded function f on R = [a, b) « | ¢, d) ir A-infegrable if and only if fis Riemann
infegrable on R in the classical sense, and then

IT ITI
Fix, p)Awdzy = J(x y)dxdy,
R E

where the integral on the right is the ordinary Riemanm integral.
i} If Ty = T1 = Z, then every fumction f defined on R = [a, &) = [c, d) is A-integrable over R, and

a

IT g s

Rf(x,}',].dlxﬂzy _ FiED) fa<bandc=<d (2.8)

gE=a I=¢

fa=bore=4d

Proof. Clearly, the above given Definition 2.3 coincides in case T1 T2 R with the usual Riemann
definition of the integral. Notice that the classical definition of Riemann’s integral does not depend on

whether the rectangle R

and the subrectangles of its partition are taken closed, half-closed, or oVpen. Moreover, if T1 =T2 =

R, then P6(R)

consists of all partitions of R with norm (mesh) less than or equal to & 2. So part (i) is valid. To prove

part (ii), let

a<bandc<d Thenb=a+pandd=c+q for somep, g € N. Obviously, for all & € (0, 1), the set

P3(R) will contain the single partition P of R given by (2.2) and (2.3) withn =p, k=g, and

X =a, x1=a+1l, .. xp=a+p and w=c, ¥i=c+1l .. ,y=c+g
Then R;; contains the single point (xi1, yi1):
Rij = [y, xi) = Lvoy, ¥i) = (i, vi-1) } foralll2idp 1€y

Therefore from (2.4)
= Iy g B
&= S, i) (xi - xi){vi - yi1) = flxic, yj) = F(E 1)
i=1 j=1 i=1 j=1 E=a I=c

for all partitions in P6(R) with arbitrary & € (0, 1). Hence fis A-integrable over R = [a, b) x [c, d) and

(2.8) holds fora<band c <d. Ifa=Dborc=d, then relation (2.5) shows the validity of (2.8). Q
Note that in the two-variable case four types of integrals can be defined:
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(1) AA-integral over [a, b) x [c, d), which is introduced by using partitions consisting of subrectangles
of the form

[a, B) * [y, 9);

VV-integral over (a, b] x (c, d], which is defined by using partitions consisting of subrectangles of the
form

(a, B] > (v, 8];

AV-integral over [a, b) x (c, d], which is defined by using partitions consisting of subrectangles of the
form

[a, B) x (v, 8];

VA-integral over (a, b] x [c, d), which is defined by using partitions consisting of subrectangles of the
form

(o, B] < [v, 8).

For brevity the first integral is called simply as A-integral, and in this paper we are dealing solely with
such double

A-integrals.

Now we present some properties of double A-integrals over rectangles. A function f: T1 X T2 — R is
said to be continuous at (X, y) € T1 x T2 if for every € > 0 there exists 6 > 0 such that | f (x, y) — f(x
1, yr)| <eforall (xr, yr) € T1 x T2 satisfying d((x, y), (x 1, yr)) <9d. If (X, y) is an isolated point of T1
x T2, then the definition implies that every function f : T1 x T2 — R is continuous at (x, y). In

particular, every function f: Z x Z — R is continuous at each point of Z x Z.
Theorem 2.8. Let f be a function that is A-integrable over R = [a,b) = [o, d). Further, let " 8 € [a, b] witha
<b and ' d € [c,d] with " < d" Then fir A-integrable over B = [a" b)) = [, d).

o>

\
Nioaa ™

Theorem 2.9 (Linearity). Let [ and g be A-integrable funciions on B = [a,b) = [o, d), and lst 0, § € R. Then
af + Pg is also A-infegrable on R and

I I I
. [af (x, ¥) = Beglx. p)] Axdry = a . Six p)Awmday + B . g(x. y)AwAay.

Theorem 2.10. If f and g are A-infegrable on R, then so is their product fg.

Theorem 2.11 (Additivity). Let the rectangle R = [a, &) « [ ¢, d) be a union of two dizfoint rectangles of the forms
Ri=f, b1) vle, d) and Rz = &2, &1) » (e, &) Then f is A-integrable over R if and only if [ is A-integrable

aver each of R1 and Ra. In this case

I II I
2 Flx p)Axdzy = . Fix, vy = 5 Filx, v)Axdzy.

Theorem 2.12. [f f and g are A-infegrable functions on R satisfving the meguality f(x, v) £ gfx, ¥) for all
(x, ¥) € R, then

1T 1T
Sx y)AxAzy < glx, ¥)AxAzy.
R R

Theorem 2.13. If f is a A-integrable function on R, then 5o &5 f | and

II IT
Fle y)Axdry < fix y) AxAzy.
R R

Theorem 2.14 (Mean Value Theorem). Let | and g be A-integrable functions on R, and lef g be nonnegative (or
nompositive] on R Lef us set
mo=wmflffx,y):x,¥)eRl and M=supl{fix,y):(x.3)ER].

Then there exists a real number A € [m, M such that

IT IT
. Flx plelx, p)Axdzy = A . glx, y)AwrAzy.
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Theorem 2.15. Let [ be A-integrable over R = [a, b) = [¢, d} and suppose that the single infegral

>, S
Nioeay

I
I(x) = flx, p)Azy (2.9)
[
gxizts for each x € [a, b). Then the iterated infegral ‘j]{x_]ﬂu exists, and
Iy Iy Ta
Fly) A= Awx  ffe )by 2.10)
R a €

Remark 2.16. We can interchange in Theorem 2.15 the rolez of x and y, i.e., we tay assume the existence of the
double integral and the existence of the zingle integral

I
E(y)=  Fle y)dx (2.11)

a2
for each y € [e, d). Then the iterated integral = :IK{;;M 1F exists, and

Iy Ta T
JEaxdy =" Ay fh)a @.12)
[ a

Remark 2.17. If together with " ;7 (x, y)A1xAz y there exist both single integrals (2.9) and (2.11), then the
formulas (2.10% and (2.12) hold simultansously, ie.,

I Ia Ia I II
A fley)dy= Ay fE,¥)Aix = Rfﬁu,v}ﬂ wd y.

3 a

a

Remark 2.18. If the function f is continuousona, b ¢, d , then the existence of all the above
mentioned integrals is guaranteed. In this case any of the formulas (2.10) and (2.12) may be used to
calculate the double integral.

Now we define double A-integrals over so-called o-type subsets of T1 x T2 as follows (see [17] for
double A- integrals over more general subsets like Jordan A-measurable subsets of T1 x T2).

[

Definition 2.19. We say that E T1 T2 is a set of the type o (or o-type set) if it can be represented in at
least one way as a union

E= C RE
= (213)
of a finite number of rectangles R1, R2, . . . , Rm of the form (2.1) that are pairwise disjoint and

adjoining to each other. Next, we say that a function f: T1 X T2 — R is A-integrable over the w-type
set E if fis A-integrable over each of the rectangles Rk for 1 <k <m. Then the number
I = IJ
fix y)AxAszy = f e, p)Axdyy
£ =1 B (2.14)

is called the double A-integral of f over E .
It is easily seen, by using Theorem 2.11, that the sum (2.14) does not depend on how E is represented
as a union of a finite number of rectangles of the form (2.1) which are disjoint and adjoining to each
other.
Finally, we present the concept of line integrals on time scales and, using it, a version of Green’s
formula for time scales (for details see [18]).
Definition 2.20. Together with the time scales T1 and T2, let T be a third time scale with the delta
differentiation operator A. Further, let a < be points in T and [a, B] be the closed interval in T, and
let ¢ : [a, B] — T1 and vy : [a, B] — T2 be continuous (in the time scale topology) on [a, B]. Then the
pair of functions
X=(t), y=v(t), te[wplcT (215)
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is said to define a (time scale continuous) curve I' in T1 ~ T2. If (¢(ar), w())  (d(B), w(B)), then the
curve is said to be closed. We can think of I" as an oriented curve, in the sense that a point (x r, yr) (¢(t
1), y(t1)) I is regarded as distinct from a point (x rr, yrr) (¢(t rr), w(trr)) [if tr trr and as preceding
(x rr, yrr) if t r <t rr. The oriented curve I is then said to be “traversed in the direction of increasing t
. The curve differing from I' only by the direction in which it is traversed will be denoted by —T".
Definition 2.21. We say that the curve I" given by (2.15) is A-smooth if ¢ and y are continuous on [a,
B] and A- differentiable on [a, B) and their A-derivatives ¢A and yA are A-integrable over [a, ).
Let two functions M(x, y) and N(X, y) be defined and continuous on the curve I" (for example, for the
function M(X, y), this means that for each A0 I and each & > 0 there exists 6 > 0 such that M( A)
M( A0) <gwhenever A T and d( A, A0) <6, where d( A, AO) denotes the Euclidean distance between
the points A and A0). Next, let I be A-smooth. Then we define the line delta integral by
I Is

JMx ) Aix N e y)Ay = TMUG(e) w(9)§ () = N(B(1), w(t)y = €A

>, S
Nioeay

Remark 2.22. We call the curve I" given by (2.15) piecewise A-smooth if ¢ and y are continuous on a,
B and there is a partitiona  y0<yl < <ym  PBof a,B suchthat ¢ and y have A-integrable
A-derivatives on each of the intervals yi 1,yi ), i 1,2, ..., m. In case of a piecewise A-smooth curve
I', it is natural to define line
A-integrals along this curve as sums of line A-integrals along all A-smooth parts constituting the curve
r.

Similarly to line delta integrals we can also define line nabla integrals. Suppose that the curve I is
given by the parametric equation (2.15), where ¢ and y are continuous on [a, 3] and V-differentiable
on (a, B]. If oV and y V are
V-integrable over (a, B] and if the functions M and N are continuous on I', then we define

I Ie _

CME TN Ay = i [M(9(2). w(D)e" () + N($(4), w(d)w " €IVt .

Definition 2.23. Let R be a “rectangle” in T1 x T2 as given by (2.1). Let us set

L1={(x,c):x€[a b]}, L2={(b,y):ye€]cd]},

L3={(x,d):xe[ab]}, Li4={(a y):yelcd]}.

Each of L j for 1, 2, 3, 4 is an oriented “line segment”; e.g., the positive orientation of L1 arises
according to the increase of x from a to b and the positive orientation of L2 arises according to the
increase of y from c to d. The set (closed curve)

I''=L1ulL2vu(-L3)u (-L4)

is called the positively oriented fence of R. Positivity of orientation of I means that the rectangle R
remains on the “left” side as we describe the fence curve I .

as a common part of fences of two adjoining rectangles belonging to R1, R2, ..., Rm. Then the set
I' X XO forms a positively oriented closed “polygonal curve”, which we call the positively oriented
fence of the set E (the set E remains on the “left” as we describe the fence curve I' ).

We are now able to formulate the following theorem .

Theorem 2.25 (Green’s Formula). Let E T1 T2 be an o-type set and let " be its positively oriented
fence. If the functions M and N are continuous and have continuous partial delta derivatives 0 M/A2 y
and O N/Alx on E T, then

U sy oy )

Awfay = Mdx+ Ndy,
E A X .ﬂil} r (216)

where the “star line integrals” on the right side in (2.16) denote the sum of line delta integrals taken
over the line segment constituents of I" directed to the right or upwards and line nabla integrals of
taken over the line segment constituents of I" directed to the left or downwards.
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3. The double integral variational problem- Recall that a single variable function on a time scale
is called rd-continuous provided it is continuous at right-dense points and its left-sided limit exists
(finite) at left-dense points. Let Crd denote the set of functions f (x, y) on T1 T2 with the following
properties:

Q) f is rd-continuous in x for fixed y;

(i) fisrd-continuous iny for fixed X ;

(i) if (x0, y0) Tl T2 with x0 right-dense or maximal and yO0 right-dense or maximal, then
f is continuous at

(x0, y0);

(iv)  ifx0and yO0 are both left-dense, then the limit of f (x, y) exists (finite) as (X, y) approaches (x0,
y0) along any path in {(x,y) € T1 x T2 : x < x0, y <y0}.

By C(1) we denote the set of all continuous functions for which both the Al-partial derivative and the
A2-partial derivative exist and are of class Crd.

Let E c T1 x T2 be a set of type ® and let I be its positively oriented fence. Further, let a function
L(x,y,u,p,q), where (X,y) EEUTI and (u, p, q) € R3

be given. We require that, in the indicated domain of variation of the independent variables, the
function should be continuous, together with its partial delta derivatives of the first and second order
with respect to x , y and partial usual derivatives of the first and second order with respect to u, p, g.
Consider the functional

I
Jiu) = . Lix, y, w(oufx), oafy)), w™ (x, o2fv)), u™ (o1(x), ¥))AxAzy,

(3.1)

whose domain of definition D(J) consists of functions u € C(1)(E U I) satisfying the

“boundary condition” u=g(x,y) onl, (3.2)

where g is a fixed function defined and continuous on the fence I' of E . We call functions u D(J)
admissible. The problem of the variational calculus now consists of the following: Given a functional
J of the form (3.1) with its domain of definition D(J), it is required to find an element u” € D(J) which
satisfies

J{g)= iaf_ Jfu) eor Jfi)= mp Jfu)
either = vEDH]
The problem of maximizing the functional J is identical with the problem of minimizing the functional
J . Therefore, in what follows, we will treat only the minimum problem. We will assume that there
exists at least one admissible function u0. Note that this assumption is essential: In contrast to the case
of one variable, it is possible here (even if T1 T2 R) to choose a function g(x, y), continuous on I' ,
such that no function u0 is admissible. In this case the domain D(J) is empty, and the problem of
minimizing the functional J loses its meaning. If the function u0 exists, then the domain D(J) contains
a set of functions of the form u(x, y) = u0(x, y) + n(x, y), wheren € C(1)(EU I')
andn OonI . Any suchn is called an admissible variation.
The above problems (3.3) are problems of finding absolute extrema, but we can easily define a weak
or strong neighborhood of a given function and state the problem of finding local (or relative) extrema.
Forfe C(1)(EuTI)
we define the norm

| A= sup  ffey) + sup FUE o) + sup | R (aufx), p)

fryJEE Ul fry)EE fx3)EE

A fonction d e D(J) is called & (weak) local minimum of J provided there exists § > 0 such that J{i) £ J{u) for all
u e D(J)with lu -l =< 8. If (o) < Jfu) for all such u /= i, then i s sa2d to be proper.

4. First and second variations
For a fixed element u € D(J) and a fixed admissible variation 1 we define a function ® : R — R by

UGC CARE Group-1, 27



Industrial Engineering Journal
ISSN: 0970-2555

Volume : 53, Issue 2, No. 1, February : 2024

DO(e)=D(g;u,m)=J(u+en) foreER.
From (3.1), by virtue of the conditions imposed on L, it follows that ®(g) is twice continuously
differentiable, and the first and second derivatives of @ can be obtained by differentiating under the
integral sign. The first and second variations of the functional J at the point u are defined by
J1(u,) =@r(0; u,m) and J2(u, )= Orr(0; u, n),
respectively. For fixed u, the variations J1(u, n) and J2(u, 1) are functionals of 1. Note that J1(u, )
and J2(u, n) are denoted also by 6 J(u, ) and 82 J(u, 1), respectively.
The following two theorems are standard and offer necessary and sufficient conditions for local
minima of J in terms of the first and second variations of J .
Theorem 4.1 (Necessary Conditions). If u™ € D(J) is a local minimum of J, then JI(u",n)=0 and

J2(u",n) >0 for all admissible variations 0.
Proof. Assume that the functional J has a local minimum at u D(J). We take an arbitrary fixed
admissible variation
n and define the function

@fe) = Jfi+en), wheregeR (4.1}

Therefore we have §°(0) = Ji(i, n) and ¢7(0) = J2(d, n). By Teylor's theorem,

se) = g0)« Ve ¥ Dr

i where @ £ (0, ). (4.2}
1! 2!
If |¢| is sufficiently small, then we have that the norm of the difference
I(u" +en) —u’l = Jg|inl
will be as small as we please, and then, from the definition of a local minimum,
JW +en)=JW), ie, ¢(e)=¢(0).
This inequality implies that the function ¢ of the real variable € has a local minimum for € 0. But then,
necessarily, ¢r(0) O (this easily follows also from (4.2)) or, equivalently, J1(u, ) 0. Now from (4.2)
by the equality ¢r(0) O, we have
8() — 6(0) = 1 drr(a)e2
and therefore ¢rr(o) > 0 for all € whose absolute value is sufficiently small. Letting here € — 0 and
noting that
a — 0 as € — 0 and that ¢rr is continuous, we get ¢rr(0) > 0 or, equivalently, J2(u", ) > 0. Q

Theorem 4.2 (Sufficient Condition). Let u™ € D(J) be such that JI(u", n) = 0 for all admissible
variations 1. If

J2(u,m) >0 for all u € D(J) and all admissible variations 1, then J has an absolute minimum at the
point u”. If J2(u, n) > 0 for all u in some neighborhood of the point u” and all admissible variations n,
then the functional J has a local minimum at u”.

Proof. Define the function ¢ as in (4.1). From (4.2) we have for e = 1

Proof. Define the function ¢ as in (4.1). From (4.2) we have for £ = 1

o o
o(1) = o10) - 2 —Zﬂ

Mext, we have

¢'f1}=fg5!+f?ﬁ $(0) = J(w), ¢'(0) = nfin)=10,

al

where o € (0,1). (4.3)

o fal= T LJ(i+en = . adii+an+gn) g=0 ot oM
=45
s0 that (4.3) gives
Jla+n)=J{u) + 1..:'1 {i+an,n) forall admissible variations n, (4.4

so that (4.3) gives
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Ju +n)=JW)+1J2(u" +an,n) for all admissible variations 1, (4.4)

where a (0, 1) depends on u and 1. Now the proof of the theorem can be completed as follows.
In the first case we have J2(u” + an, n) >0 for all admissible variations 1.

If u € D(J), then putting 1 =u — u” provides from (4.4) that J(u) > J(u"). Consider now the second
case. There exists r > 0 such that for u € D(J) and lu — u”l <r we have J2(u, ) > 0 for all admissible
variations 1. We take such an element u and again put n=u —u". Then

Ju) = Jfi) + llui':(:'a +an, n).

We have

>, S
Nioeay

I(i+an) -l =lanl= a <l = lu-al <7
Hence it follows that J2 (i +an, ) 20, aad, consequeatly, J(u) = J{i).
n) > 0, and, consequently, J(u) > J(u"). Q
In view of the above two results it will be important to find another representation of the first and

second variations.
This is done in the following lemma.

® Hence it follows that J2(u” + am,

5. Euler’s condition

Let E be an o-type subset of T1 x T2 and I be the positively oriented fence of E . Let us set
Eo={(x,y) €E: (cl(x),02(y)) EE}.

The following lemma is an extension of the fundamental lemma of double integral variational analysis
to time scales.

Lemma 5.1 (Dubois—Reymond). If M(X, y) is continuous on E U I" with

I
. Mix, ynjoix), oafv))AwxAzy = 0

Jor every admissible variation ), then
Mix, v)=0 forall x,y) e E°

Proof. We assume that the function A is not zero at some point (xo, yo) ¢ E°; suppose M{xo, vo) > 0. Continuity
ensures that M|x, v) is positive in a rectangle

2 =lmx)=yp)c E

for some points 11 € Ty, 31 € Tz such that oyfxe) £ x; and o) £ 31 We set

1o (r-xflx - gifr) 13y - po)2ly - gaf)1? for (x, v) € 2,
6. ¥) 0 forfr,y)e E\ 52
Thiz function iz zero on I~ and belongs to CH(E U r). We have
I
M{x, y)n{ofx), oafy))A1xdary = Mx, y)nfoifx), oafy))AixAzy > 0.
E i

This contradiction proves the assertion of the lemma.

This contradiction proves the assertion of the lemma.
Now, using Lemma 5.1, we can derive Euler’s necessary condition.
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