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ABSTRACT

A (p,q) graph G is said to be a Lucas antimagic graph if there exists a bijection f: E(G) =
{L1, Ly, Lg} such that the induced injective function f* : V(G) - {1,2,.. X L4} given by f*(u) =
Yeceq) f (e) areall distinct (where E(u) is the set of edges incident to u).

In this paper the Lucas Antimagic Labeling of some Caterpillar graphs are found.
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1.INTRODUCTION

In this paper, graph G (V, E) is considered as finite, simple and undirected with p vertices and g edges.
A graph labeling is a fundamental concept in graph theory, where integers are assigned to vertices or
edges. Its enormous applications in astronomy, theory of coding and other fields has propelled it to the
frontend of research. After referring, the seminal work of Gallian, as showcased in his comprehensive
survey [1], we have embarked on this research endeavor. Furthermore, the innovative concept of
Antimagic labeling, introduced by N.Hartsfield and G.Ringel in the year 1990, has opened up new
avenues of exploration. Inspired by these groundbreaking contributions, we introduced Lucas
Antimagic labeling and further Lucas Antimagic labeling has been investigated on various caterpillar
graphs (A graph G is known to be a caterpillar if G is a tree such that the elimination of the vertices
with degree 1 ends in a path. The resulting path is called the spine of the caterpillar) namely comb,
double comb, hurdle, twig, B, © mK;, S(ny, ny, ...ny,)

2.DEFINITIONS

Definition 2.1:[2] Lucas number is defined by the linear recurrence relation

Li=2, Ly=1and L,=L,_ 1+ L,_,,n>2

The first few Lucas numbers are 2,1,3,4,7,11,18,29,47....

Definition 2.2:[2] A (p, q) graph G is said to be a Lucas antimagic graph if there exists a bijection
f:E(G) — {Lq, Ly, -+~ Lg} such that the induced injective function f* : V(G) — {1,2,... Y. L,} given by
f*(u) = Yeerw) f(e) areall distinct (where E(u) is the set of edges incident to u).

Definition 2.3:[3] The comb graph is represented by P, © K;,n = 2. The P, is a path graph with (n-
1) edges and n vertices. The graph is constructed by connecting each vertex in the path with a pendant
edge.

Definition 2.4:[4] A double comb graph is acquired from a path B, by linking two pendant vertices at
each vertex of B, indicated by B, © 2K;,n = 2.

Definition 2.5:[5] A graph acquired from a path B, by linking a pendant edge to every internal vertices
of the path is called Hurdle graph with n-2 hurdles and is signified by Hd,,,n = 3 .

Definition 2.6:[6] A Twig graph is acquired from B, by including exactly two pendant edges to each
internal vertices of the path.

Definition 2.7: B, © mK;,n = 1,m = 3 is acquired from a path B, by attaching m pendant vertices
at each vertex of B,.

Definition 2.8:[7] Let l4, L,, ... L,, be the m vertices of the path B,,. From each vertex
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l;,i =1,2,..m there are n;,i = 1,2...m pendant vertices say 1,15, ...1; .The resultant graph is a
Caterpillar.
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3.MAIN RESULTS
Theorem 3.1:
The Comb graph B, © K;,n = 2 is Lucas antimagic graph.
Proof :
Let G be a Comb graph B, © K; .
LetV(G) = {u;, vi:i € [1, n]}
E(G) = {wuiy1 t i €[, n—1], wv; : i €1, n]}
Define a function f: E(G) — {Ly, Ly, ... Ly} by
fuinip1) = Lyy, 1 €[1,n—1]
fuv) =L; ,i€[1,n]
The induced mapping f* : V(G) = {1,2,...YL,} is given by
f*(uy) = Li+Lpyq
frw) = Lpyi + Lyp—14i+Ly (€[2,n—1]
f*(un) =Lp+ Ly
ffw) =L;, i€l n]
We observe that the vertices are all distinct.
Hence G is Lucas antimagic graph.
Example 3.1.1: The Comb graph P; ® K; and its Lucas antimagic labeling.

U 4 u 7 U3
2 1 3
Vi Va V3
Theorem 3.2:
The double Comb graph B, © 2K;,n = 2 is Lucas antimagic graph.
Proof :

Let G be a double Comb graph B, © 2K;.
LetV(G) = {u;, v;,w;:i € [1, n]}
E(G) = {uiuiﬂ 1l E [1, n— 1], U;vj, uiw; + i € [1, n]}
Define a function f: E(G) — {Ly, Ly, ... Ly} by
fuittiy1) = Lpyi, i €[, n—1]
f(ul-vl-) = Li ,i € [1, n],
fuwy) = Lan_14; 1 €[, n]
The induced mapping f* : V(G) - {1,2,... Y L4} is given by
fr(uy) = LitLpsitloy
frw) = Lpyi + Lyn—qqitLlono1q + 1L, P1€[2,n—1]
ffup) =Lp+ Lanoq + Lan_y
ffw) =L;,i€[ln]
f*Wi) = Lap-14:, 0 €[1, 1]
We observe that the vertices are all distinct.
Hence G is Lucas antimagic graph.
Example 3.2.1: The double Comb graph P; O 2K, and its Lucas antimagic labeling.
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Theorem 3.3:
The Hurdle graph Hd,,,n = 3 is Lucas antimagic graph.
Proof :
Let G be a Hurdle graph Hd,, .
LetV(G) = {u;:i €1, n),vi:i €1, n—2]}
E(G) ={uwuyq:i€[l,n—1], viuzy, i €1, n—2]}
Define a function f: E(G) — {Ly, Ly, ... Ly} by
fuuiy) =L, i€, n—1]
finiy1) = Lap—z—i ;i €[L,n—2]
The induced mapping f* : V(G) = {1,2,... X L4} is given by
fflw) =1y
ff) =Li+Li-qy+Llyp i €2, n—1]
frup) =Ly
ffWi) =Lap—p—, i€[1,n—2]
We observe that the vertices are all distinct.
Hence G is Lucas antimagic graph.

Example 3.3.1: The Hurdle graph Hd;s and its Lucas antimagic labeling.

Ui u; Uz Ua

e 7 1 3

Vi V2 V3

Theorem 3.4:
The Twig graph Tg,,n = 3 is Lucas antimagic graph.
Proof :
Let G be a Twig graph Tg,,.
LetV(G) = {u;:i €[, n],v;,w;:i €1, n— 2]}

E(G) = {wuir 1 €[1,n— 1], viuyyq, Wikiyq: i € [1,n - 2]}
Define a function f: E(G) — {Ly, Ly, ... Ly} by
fuuip) =L, i€, n—1],
fWiuip) =Lapo- ,i€[L,n—2]
fWitip) = Lap_34; ,i €[1,n—2]
The induced mapping f* : V(G) = {1,2,... Y L4} is given by
fflu) =1Ly
ff) = Li+ Lisa+Lon_1-i+Lon_ari LE€[2,n—1]
f*(un) = Ln—l
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ff(wi) = Lap—z-i,i€[l,n—2]

frw) = Lan-s4;,i €[1, n—2]

We observe that the vertices are all distinct.

Hence G is Lucas antimagic graph.

Example 3.4.1: The Twig graph Tgs and its Lucas antimagic labeling.

W1 W2 W3
T ®
29 47 76)
U.l 2 Uz 1 Uz 3 ua. 4 U.s
18 11 7
® ® ®
Vi V2 V3
Theorem 3.5:
P, ©® mK;,n =>1,m = 3 is Lucas antimagic graph.
Proof :
Let G be B, © mK; .
LetV(G) = {v;,v:i €[L,n],j € [1,m]}
E(G) = {v; vji :i€[l,n],j € [1,m], viviy, i €[, n—1]}
Define a function f: E(G) — {Ly, Ly, ... Ly} by
f(vivi_]_l) = Li ,IE [l, n-— 1]
f(viv)) = Lnc14jemc-1 -1 €[1,n],j € [1, m]
The induced mapping f* : V(G) = {1,2,... Y L,} is given by
m
F@) =L+ ) Lusy
j=1
ff)=Li 1+ L+ Z;n=1 Ly-14j4m@-1,L € [2,n—1]
m
ffop) =Lp1 + Z Ljyn-1)(m+1)
j=1
') = Ly—1tjemi-1y P €L 7], j€[Lm]
We observe that the vertices are all distinct.
Hence G is Lucas antimagic graph.
Example 3.5.1: The graph P; O 3K; and its Lucas antimagic labeling.
Vi 2 V7 1 V3
7 11 29 47 123
4 18 76
1 2
vi . vz P2 . v 02 . 3
V2 U2 U5
Theorem 3.6:
The Caterpillar S(nq,n,,..n,,),m = 1 is Lucas antimagic graph.
Proof :
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Let G be the Caterpillar S(ny, ny, ... ).
LetV(G) = {v;,vj:i € [1,m],j € [L,n]}
E@G)={vivi:i € [Lm],j € [Ln], viviyq:) € [Lm—1]}
Define a function f: E(G) — {Ly, Ly, ... Ly} by
f(ViViﬂ) = Ly, tnyt-tnpmi ot € [Lm—1]
f(vi vjl) = L 4np+tni_q+j oL € [Lm]j € [1,ny]
The induced mapping f* : V(G) = {1,2,... Y L,} is given by
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ni
frw) = Ly tny+tnpm+1 T Z L
j=1

* _ n; .
frWi) = Ly snptotnmri-1 + Lngangtotnp i +2j=1 Ly, tng+otng_g+j o0 € [2,m—1]
Nm

f*(vm) = Ln1+n2+~~~+nm+m—1 + Z Ln1+n2+~~+nm_1+j
. J=1

f*(vjl) = Ly, tngttn_q+j o0 € [Lm]j € [1,n]

We observe that the vertices are all distinct.

Hence G is Lucas antimagic graph.

Example 3.6.1: The Caterpillar S(2,3,4) and its Lucas antimagic labeling.
V1 76 \> 123

V3
(21 vi U1 Jz V1

4.CONCLUSION:
In this article, It is proved that various caterpillar graphs are Lucas Antimagic. Similar investigations
are in process.
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