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Abstract

In this paper several characterization of fuzzy neutrosophic supra residual sets are
established and the criteria of the fuzzy neutrosophic supra residual of fuzzy neutrosophic supra sets
on fuzzy neutrosophic supra topological space.
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1.INTRODUCTION

The notion of a fuzzy set introduced by L,A. Zadeh(14)in 1965, both pure and applied
Mathematicians. Since then, the notion of fuzziness has been applied for the study in all branches of
Mathematics. The concept of fuzzy topological spaces , introduced by Chang in 1968(5) has been
extensively studied and applied in many field , including artificial intelligence, decision making, and
images processing .

Supra Baire spaces, introduced by Haworth and McCoy in 1977 [6], are an important concept in
topology. In 1983, Mashhour et al. [7] extended the notion of supra topological spaces. Abd El-
Monsef and Ramadan in 1987 [1] investigated the concept of fuzzy supra topological spaces, which
has since been further studied by researchers such as Ahmed, Chandra Chetia, and others [2].

The concept of supra Baire spaces in fuzzy setting was introduced and studied by E. Poongothai
and G. Thangaraj in (8). Also introduced and studied fuzzy supra semi Baire spaces by (9).

Building upon previous research, Arockiarani | and Martina Jency [4] further studied fuzzy
neutrosophic sets and fuzzy neutrosophic topological spaces.

In this paper, we explain the concept of supra residual sets on fuzzy neutrosophic topological
space. We investigate several fundamental properties and characterization of these sets.

PRELIMINARIES
Definition 2.1 [3]:

A fuzzy neutrosophic set 4 on the universe of discourse x is defined as 4 = (x, T, (x),1,(x),Es(x))
xeXwhereT,[LF:x - [01]and 0 < {T,(x)+ L, (x)+ F (x)} < 3.
Definition 2.2 [3]:

A fuzzy neutrosophic set 4 is a subset of a fuzzy neutrosophic set B (i.e.,) Ac B for all x if
Ta(x) = Tp(x), Li(x) = Ig(x), Fy(x) = Fp(x)
Definition 2.3 [3]:

Let X be a non-empty set, and A=T,(x),I,(x),Fy(x), B =Tg(x),Iz(x),Fs(x) be two fuzzy
neutrosophic sets. Then
AUB = {x, maxl:TA (x),Tg (x)), max(!A(x), Ig(x)], min(FA (x),Fg (x)])
ANB = {x min(TA (x), TB(x)),minl:J’A [x),J’B(x)),maxl:FA [x},FB[x))}
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Definition 2.4 [3]:
The difference between two fuzzy neutrosophic sets A and B is defined as

A\B(x) = (x, min(T,(x), Fg (x) ), min(I,(x), 1 — I5(x)), max(F, (x), Ts (x)))
Definition 2.5 [3]:

A fuzzy neutrosophic set 4 over the universe x is said to be null or empty fuzzy neutrosophic set
if T(x)=0,I1(x)=0,F(x)=1 forall x € x It is denoted by 0, .
Definition 2.6 [3]:

A fuzzy neutrosophic set 4 over the universe X is said to be absolute (universe) fuzzy
neutrosophic set if T(x) = 1,1(x) = 1,F,(x) =0 forall x € x It is denoted by 0.
Definition 2.7 [3]:

The complement of a fuzzy neutrosophic set 4 is denoted by 4¢ and is defined as
A€ = (T e (x),1,c(x), Fye(x))
where T c(x) = Ey(x), Lie(x) = 1— I,(x),F e(x) = Ty(x)
The complement of fuzzy neutrosophic set 4 can also be defined as A€ =1, — A
Definition 2.8 [12]:
Let (x,",T,") be a fuzzy neutrosophic supra topological space. Then (x,*.7,") is called fuzzy
neutrosophic Baire Space if fn (int"(viz,(Xy,"))) =0 where (xy,°)’s are fuzzy neutrosophic supra

nowhere dense set in (X", Ty").
Definition 2.9 [4]:

The complement ac of a fuzzy neutrosophic set 4 in a fuzzy neutrosophic topological space
(x,7) is called fuzzy neutrosophic closed set in X.

Theorem 2.10 [12]:
Let (x,,T*) be a fuzzy neutrosophic supra topological space. Then the following are

equivalent:

(1) (x,,T7)is a fuzzy neutrosophic supra Baire Space

(2) fnint*(4,) = 0 for every fuzzy neutrosophic supra first category set (4,) in (X, T*)
(3) fncl*(B) = 1 for every fuzzy neutrosophic supra residual set (B,) in (X,,T*).

3. FUZZY NEUTROSOPHIC SUPRA RESIDUAL SET
Proposition 3.1

Let (x,,7*) be a fuzzy neutrosophic supra topological space. A fuzzy set 4, in (x,,T*) is
called a fuzzy neutrosophic supra residual set if 4, = A%Z, 4, , Where the fuzzy sets (4,,),s are such
that fn cl* [fn int® [:ANE_]} =1, In (X, T*)
Proposition 3.2

If 4, is a fuzzy neutrosophic supra Gz-set in a fuzzy neutrosophic supra topological space
(X, T*)such that fncl*(4,) =1, then 4, is a fuzzy neutrosophic supra residual set in (x,,T*).
Proof,

Let 4y be a fuzzy neutrosophic supra Gs-set in (X,,T*). Then Ay = AZ,(A4y), Where A4, €T".
Now fnel*(Ay) = fncl [AZy(Ay)] IN (Xy,T). BUt frel"[AZy(Ay)] < AZifnel*(Ay) in (XyT7). Then
frcl*(Ay) = A2 fnel*(Ay) In (X, T"). Since 4, is a fuzzy neutrosophic supra dense set in (X, T*),
fnel*(Ay)=1and hence 1 < fn cl*[AZ,(Ay)]. Thatis, fncl*[A2,(Ay,)] = 1in (X, T*). This implies that
facl*(Ay)=11in (xy,T°) and hence fn cl*[fnint"(4y, )] = fncl*(4y) = 10n (Xy, T*). Thus 4 = AZ,(4y.)
, Where fn cl*[fnint*(4,)] = 1, implies that 4 is a fuzzy neutrosophic supra residual set in (x,,T*).
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Definition 3.3

Let (x,,T*) fuzzy neutrosophic supra topological space. A fuzzy set 4, is called a fuzzy
neutrosophic supra semi-open set if A4y =< fancl[fnint’(4,)]. The complement of a fuzzy
neutrosophic supra semi-open set is called a fuzzy neutrosophic supra semi-closed set in (X, T*).
Definition 3.4

A fuzzy set A in a fuzzy neutrosophic supra topological space (x,,T*), is called a fuzzy
neutrosophic supra semi Gs-set in (X, T°) if A= AZ,(Ay,), Where (4,)’s are fuzzy neutrosophic supra
semi-closed sets in (X, T*).

Definition 3.5

A fuzzy set A in a fuzzy neutrosophic supra topological space (x,,T*) is called a fuzzy
neutrosophic supra semi-£,-set in (x,, T*) if 4=v=,(4,) where (4,)’s are fuzzy neutrosophic supra
semi-closed sets in (x,,T*).

Proposition 3.6

If 4, is a fuzzy neutrosophic supra residual set in a fuzzy neutrosophic supra topological

space (x,,T*), then 4, is a fuzzy neutrosophic supra semi-.G; set.

Proof,

Let 4, be a fuzzy neutrosophic supra residual set in a fuzzy neutrosophic supra topological space
(Xy,T%). Then, Ay = AZ,(Ay,), Where fuzzy sets (4,.)'s are such that fn cl*[fnint"(4y,) = 1] in (X, T7)
. Now fn cl*[fnint*(Ay )] = 1y in (X, T7), implies that 4, < fn cl*[fn int*(4,.)]. Then (4,,)'s are fuzzy
neutrosophic supra semi-open sets in (x,7*) and thus A%Z,(4,.) is a fuzzy neutrosophic supra semi G;
-set in (X, T*).

Proposition 3.7

If 4, is a fuzzy neutrosophic supra first category set in a fuzzy neutrosophic supra
topological space (x,,T*), then 4, is a fuzzy neutrosophic supra semi-F, set in (x,,T*).

Proof:

Let If 4, is a fuzzy neutrosophic supra first category set in(x,,T7*). Then 1 -4, is a fuzzy
neutrosophic supra residual set in (x,, T*) and hence, by property (3.6), 1 — A, is a fuzzy neutrosophic
supra semi-G; set in (X, T*). Therefore 4, is a fuzzy neutrosophic supra semi-£, set in (X, T*).
Proposition 3.8

If fncl® (By) is a fuzzy neutrosophic supra first category set in a fuzzy neutrosophic supra
Baire Space (x,,T*), then A is a fuzzy neutrosophic supra nowhere dense set in (x,,T*).

Proof:

If fncl* (By) IS a fuzzy neutrosophic supra first category set in (X, T*). Since (X,,T*)is a
fuzzy neutrosophic supra Baire Space, by theorem (2.10) fn int*[fncl*(4)] = 0 Iin (X, T*). Therefore A
is an fuzzy neutrosophic supra nowhere dense set in (X, T*).

Proposition 3.9

If fnint*(By) is A fuzzy neutrosophic supra residual set in a fuzzy neutrosophic supra Baire
Space (X, T*), then 1 — B is a fuzzy neutrosophic supra nowhere dense set in (X, T*).

Proof:

Let fnint*(B,) be a fuzzy neutrosophic supra residual set in (x,,T*). Since (X, T*) is a fuzzy
neutrosophic supra Baire Space, by theorem (2.10), fn cl*[fn int*(By)] =1 In (X,,T*). This implies
that 1 — fn cl*[fnint*(By)] = 0 and hence fn int*[fn cl*(1— By)] = 0in (X, T*). This implies that 1 — B,
is a fuzzy neutrosophic supra nowhere dense set in (x,,T*).

Proposition 3.10
If fn[int*(By)]'s (i=1toc) are fuzzy neutrosophic supra residual sets in a fuzzy

neutrosophic supra Baire Space (X, T*), then fn cl*[AZ(By))] = 1 in (Xy,T*).
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Proof:

Let fnlint*(By)]’s (i =1tow) be fuzzy neutrosophic supra residual sets in (x,,T7*). Since
(Xy,T*) is fuzzy neutrosophic supra Baire Space by proposition (3.9), 1—By’s are fuzzy
neutrosophic supra nowhere dense sets in (xy,7*) and hence fn int*[ViZ,(1 — By,)] = 0 in(Xy, T*). This
implies  that fnint*[1-VZ,(By,)]=0. Then 1-fncl’[VZ,By)]=0 in (x,T") and thus
frel’ [VE((By)] = 1N (X, T°).

4. FUZZY NEUTROSOPHIC SUPRA BAIRE SPACE FUNCTIONS
Definition 4.1

Let (X, T*) be a fuzzy neutrosophic supra topological space. Then (x,,T*) is called fuzzy
neutrosophic supra Baire Space if fnint*[viz,(Ay,)] =0, Where 4, ’s are fuzzy neutrosophic supra
nowhere dense sets is (X, T*)
Definition 4.2

A function f*:(x,,T*) - (¥y,5*) from a fuzzy neutrosophic supra topological space (x,,T*)
into another fuzzy neutrosophic supra topological space (¥y,S*) is said to be fuzzy neutrosophic
supra open if the image of every fuzzy neutrosophic supra open set in (x,,T*)is fuzzy neutrosophic
supra open in (¥y,5*).
Definition 4.3

A function f*:(x,,T*) = (¥y,5*) from a fuzzy neutrosophic supra topological space (x,,T*)
into another fuzzy neutrosophic supra topological space (¥y,S*) is called a fuzzy continuous if
f~1(A,) fuzzy neutrosophic supra open in (x,, T*) for each fuzzy neutrosophic supra open set is 4, in
(¥, S°).
Definition 4.4

A function f*:(x,,T*) = (¥,,5°) from a fuzzy neutrosophic supra topological space (x,,T*)
into another fuzzy neutrosophic supra topological space (Yy,5*) is called a fuzzy neutrosophic supra
semi-continuous if f-1"(4,) is fuzzy neutrosophic supra semi-open in (x,,T*) for each fuzzy
neutrosophic supra open set is 4, in (¥y,5*).
Definition 4.5

A function f*:(x,,T*) = (¥,,5°) from a fuzzy neutrosophic supra topological space (x,,T*)
into another fuzzy neutrosophic supra topological space (¥y,5*) is called a fuzzy neutrosophic supra
somewhat continuous if 4, € s* and £-14, = 0 implies that there exist a fuzzy neutrosophic open set
By In (X, T%). Such that B, = 0and B, < f~17(4,).
Definition 4.6

A function f*:(x,,T*) = (¥,,5°) from a fuzzy neutrosophic supra topological space (x,,T*)
into another fuzzy neutrosophic supra topological space (¥y,5*) is called a fuzzy neutrosophic supra
somewhat open if 4, € T* and B, = 0 implies than there exist a fuzzy neutrosophic supra open set B,
in (¥y,5*). Such that B, = 0 and By < f(4,).
Theorem 4.7
Let (x,,T*) be a fuzzy neutrosophic supra topological space. Then the following are equivalent.
1) (x,,T*)is afuzzy neutrosophic supra Baire Space,
2) fn(int*(4,)) = 0 for every fuzzy neutrosophic supra first category set in 4, in (x,, 7).
3) fal(cl*(By)) =1, for every fuzzy neutrosophic supra residual set By in (X, T*).
Proof,

Let £+ be a function from the fuzzy neutrosophic supra topological space (x,,7*) to the
(Yy,5%), Underwhat conditions on "f*" may we assert that if (x,,7) is a fuzzy neutrosophic supra
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Baire Space, then (v,, 5*) is a fuzzy neutrosophic supra Baire Space. If may be notised that the fuzzy
neutrosophic supra continuous image of a fuzzy neutrosophic supra Baire Space may fail to be a
fuzzy neutrosophic supra Baire Space. For, consider the following example.

Example 4.8

Let X = {a,b}. The fuzzy neutrosophic sets 4,, B, and ¢, are defined on x as follows

A—X(a b)(a b)(a b)
¥=\"\07'07/\0.6" 07/ \04’03

Then,
T* ={0,Ay, By,Cy, AyV By, ByV Cy, Ay/ABy, By ACy,1}and S*={0,Ay, By, AyV By, AyA By, 1}
are fuzzy neutrosophic topologies on x. Now the fuzzy neutrosophic supra nowhere dense sets in
(Xy,T*) are 1 — Ay are 1 — (A, VBy) and [(1 —4,) V(1 — (4y VBy))] = 1— 4, and frint*(1— 4,) = 0.
Hence (x,,T*) is a fuzzy neutrosophic supra Baire Space. Then fuzzy neutrosophic supra nowhere
dense sets is (x,.5°) are (1—4,).(1-By) and 1—(Ay VBy) this implies that
[(1 —Ay)V(1=By)Vv [:1 —(Ay VB.’\'))] =1—(4y ABy) and fnint*[1—(Ay VBy)] = Ay ABy #0. Hence
(Xy.5*) is not a fuzzy neutrosophic supra Baire Space.

Define a function f*:(x,,T*) — (Xy,5*) by f*(a) =a and f*(b)=b. Clearly 5* is a fuzzy
neutrosophic supra continuous function from the fuzzy neutrosophic supra Baire Space. (X,,T*) to
the fuzzy neutrosophic supra topological space. (x,,5*) which is not a fuzzy neutrosophic supra Baire

Space.
Example 4.8
Let X = {a,b,c}. Then fuzzy sets 4,, B, and c,, are defined on x as follows:

A—X(a b C)(Q b c)(a b C)
¥ 1" \o6'06'06/ \04" 05°0.5/'\03°030.4

Then,

T"={0,Ay,1} and §* = {0,Ay, By, AyV By, By V Cy, Ay ABy, By ACy,1}

Are fuzzy neutrosophic topological on x. Now the fuzzy neutrosophic supra nowhere dense sets in
(Xy,T?) are 1—Ay,1—By and 1—(Ay VBy)=1—4, and frint'(1—A4,)=0. Hence (x,,T*) is a
fuzzy neutrosophic supra Baire Space.

The fuzzy neutrosophic supra nowhere dense sets in (X,,5%) are 1—A4,,1—By,1-Cy ,
1—(4y vBy)and 1— (B, v€,) and
(1—=AV(A =BV —Cy)V(1—(Ay VBV (1—(By VCy))=1— Ay ABy.

Now, fnint*(1— (4y A By)) = By ACy # 0. Hence (x,,T*) is not a fuzzy neutrosophic supra Baire
Space.

Define a function £*: (x,,T*) — (X,,5°) by f*(a) =aand f(b)=b and f*(c)=c clearly f*isa
fuzzy neutrosophic supra open function from the fuzzy neutrosophic supra Baire space (x,,T*) to the
fuzzy neutrosophic supra topological space (x,,5*) which is not a fuzzy neutrosophic supra Baire
Space.
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Proposition 4.1

If a function f*:(x,,T*)— (¥y.5*) from a fuzzy neutrosophic supra topological space (x,,T*) into
another fuzzy neutrosophic supra topological space (¥, 5*) is fuzzy neutrosophic supra continuous, 1-
1, onto and fuzzy neutrosophic supra open function, then for any fuzzy set 4, in (x,,T*).
frint*el [f(Ay)] = f*[int*(cl (4)]-

Proof,

Let 4, be a fuzzy set in (x,T%). Then A4,<fncl*(4y) In (X, T*) implies that
L—fnel’(Ay) = (1 —Ay). Then f7(1— frcl*(4y)) < f*(1— Ay).

Since £ is a fuzzy neutrosophic supra open function and 1 — fn cl*(4,) is a fuzzy neutrosophic
supra open set is (Yy,S%). Such that (1 — fncl*(4y)) < f*(1—A4y). But fnint f*(1— 4,) in the largest
fuzzy neutrosophic supra open in (¥y,S%). Such that fnint*[f*(1—4,)] < f*(1— 4y).

Hence we have that f<(1—fncl*(4y)) < frint*f (1 — A4y).

Since f=in 1-1, and onto, f*(1— Ay)=1— f*(4y). Hence £ (fncl*(4,)) < fnint*(1—f (4y))
which implies that 1 — £*(fn c* (4,)) < (1 — fnint* (£*(4,)) ). Thenfa cl'[f* (4,)] < f*[fnel* (4,)], which
implies that (fn int*cl*(f*(4y))) < (fn int" (F [fn cl* (4,)]).

Therefore we have f=*'[fnint c*(f*(4))] < f~ L [fn int f* (facl*(4y))]. -------------- (1)

Now fnint*(f*[fncl*(4,)]) IS an fuzzy neutrosophic supra open set in (¥y,5*). Since f* is
fuzzy neutrosophic supra continuous. f-l"[fn int (f“(fn CI"[AN)]H iIs an fuzzy neutrosophic supra

open set in (Xy, T*). Hence
£ [frint (£ (Fnct (ay))] = int £=4 [fr int (£ (fnet*(ay) )] < fn int*(c*(4,)) [Since £+ is 1-1].
That is £=1"[fn int* (£ (fn cl'(4y)))] < fr int*(cl(4y)) =-=-mrmmrmmmemmmev (2)

From (1) & (2), we have f*[fnint*c*[f*(4,)]] = fnint*(cl*(4,)) which implies that
FFY (fnines c[f (40D < £ (fn int*(cl*(4y)) ).

Since f* is onto, we have (fn int* cl'[f*(4)]) < £* (fn int*(cI*(4)))-
Proposition 4.2

If a function f*:(x,,T*) - (¥y,5*) from a fuzzy neutrosophic supra topological space (x,,T*)
into another fuzzy neutrosophic supra topological space (¥y,§*) is fuzzy neutrosophic supra
continuous and fuzzy neutrosophic supra open function, then for any fuzzy set 4, in (X, T)

£ (fnint*(cl* (4y))) < frint* ([ f*(ARD-

Proof,
Let 4, be any fuzzy set in (X, T*). Then fnint*(cl* (4y)) is a fuzzy neutrosophic supra open

setis (x,,7*). Since f* is a fuzzy neutrosophic supra open function, £ (fn int*(cl* (4y))) is a fuzzy
neutrosophic supra open set is (¥y,5%). Now f(fn int*(cl* (4,))) < f*(fn cl"(4,)). Since f* is a
continuous, f*(fn c* (4y)) = fr cl*(f*(4Ay)),

Hence we have f* (fn int*(cl* (AN)]) < fncl*(f*(4y) But frint*(cl f*(Ay)) < fn cl* (F(Ay)).
Therefore, we have f* (fn int*(cl* (AN))) < fnint*(cl*[ £7(A)])-

Proposition 4.3

If a function f*:(x,,T*) - (¥y.5*) from a fuzzy neutrosophic supra topological space (x,,T*)
into another fuzzy neutrosophic supra topological space (¥y,5%) is fuzzy neutrosophic supra
continuous and fuzzy neutrosophic supra open 1-1 and onto function, then for any fuzzy set 4, in
Xy, T*),
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£ (fnint*(c* (4y))) = frint* (e[ F(Ax)]-
Proof,

Let 4,, be any fuzzy set in (x,,T*). Since f* is fuzzy neutrosophic supra continuous, 1-1, onto
and fuzzy neutrosophic supra open function, by Proposition (4.1), we have

(fnint* P[] = f* (fn int"(cl*(4)))  ---emmmeeeeeeees (1)
Since f is a fuzzy neutrosophic supra continuous and a fuzzy neutrosophic supra open
function, by Proposition 4.2, we have £ (fn int*(cl* [:AN))) < frint* ([ f*(Ay)]) ---------------=- 2)
From (1)&(2), we have f* (fn int*(cl* (AN))) = fnint"(cl*[ f(Ax)])
Proposition 4.4

Let the function f*:(X,,T*) - (¥,,S*) from a fuzzy neutrosophic supra topological
space (X,,T*) into another fuzzy neutrosophic supra topological space (¥y,S*) is fuzzy neutrosophic
supra continuous fuzzy neutrosophic supra open 1-1 and onto function, then for any fuzzy set 4,, in
(Xy,T*), Ay IS a fuzzy neutrosophic supra nowhere dense set in (x,,T*) if and only if f*(4,) is a
fuzzy neutrosophic supra nowhere dense set in (¥y,S*).

Proof,

Let 4, be a fuzzy neutrosophic supra nowhere dense set is (X, T*). Then, fn int*(cl* (4,)) = 0.
Since  f IS fuzzy neutrosophic supra continuous, fuzzy neutrosophic supra open, 1-1 and onto
function, by Proposition (4.3), we have, f* (f’n int*(cl* [:AN))) = fanint*(cl’[ f*(4,)D. Then,
fnint*(el (4y)) = f(0) = 0. Hence £*(4,) is a fuzzy neutrosophic supra nowhere dense set in (¥y,5*).

Conversely, Let £*(4,) be a fuzzy neutrosophic supra nowhere dense set in (¥y,5*).

Then, fnint*(cl" (4y))=0. Hence f* (fn int*(cl* [:AN))) = frint*(cl*[ f*(4,)]) implies that
fe (f'n int*(cl* [AN))) =0, Therefore F-17f* (fn int*(cl* [:AN))) =f1(=0. Since f* is 1-1,
frnint*(cl* (4y)) = 0, Hence 4, is a fuzzy neutrosophic supra nowhere dense set in (X, T*).
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