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Abstract

In the present paper, the main focus on an advance enhancement of heat transport of the fluid,
the concept of ternary hybrid nanofluid (tri-hybrid) model has been considered. The physical features
of non-linear radiation on ternary hybrid nanoparticles are dissolved in Ethylene Glycol-Water
(40: 60 %) base fluid flow through a rotating disk has been scrutinized. Cattaneo-Christov effect is
introduced in energy equation to analyze the aspects of energy relaxation time in this study. The
governing flow equations are constituted and are transform to an ODE’s by utilizing Von Karman’s
transformations. The simplified flow and energy equations are resolved through aid of Runge-Kutta
numerical scheme with shooting approach. The physical aspects and behaviour analysis for the radial
and azimuthal velocities and temperature field of distinct flow variables of the modelled problem have
been addressed by making use of two-dimensional (2-D) plots. Both velocities of the fluid are declines
for the applied magnetic field. The energy transfer is improved near the disk for the temperature ratio
and radiation of all three distinct nanofluids while the reverse impact is distinguished for the thermal
relaxation time variable. It is important note that the ternary hybrid CoFe0,-Ag-TiO, has better
thermal conductivity of the fluid in comparison with unitary (mono) and Hybrid nanofluids from
graphical results. The results of numerical simulation are validated against the published literature data
and hence a nice agreement is perceived. The obtained results of the current model can be utilized in
an advanced cooling system of hybrid electronic and nuclear engineering process.

Keywords: MHD, Non-linear radiation, Cattaneo-Christov heat flux, tri-hybrid nanofluid.

1. Introduction

The fluid transport through a rotating disk has considerable applications which include hybrid
lubrication process, nuclear engineering, rotating hybrid machinery, turbo and advanced cooling
reactor systems. Karman [1] have initially reported the fluid transport along an infinite disk in the year
1921. Later, the viscous steady flow features in a rotating disk have been examined by Cochran [2] in
1934 with the aid of the Von Karman transformations. Stuart [3] has presented the impact of suction
on steady rotating disk flow configuration. The boundary layer and flow characteristics for a rotating
disk along with applications has been studied by Gregory et al. [4]. Energy transfer and hydromagnetic
flow of same geometry has been scrutinized by Sparrow and Cess [5]. The flow behavioural
characteristics by considering the applied magnetic field has been explored by Kakutani [6]. Benton
[7] have addressed the exact solutions of velocity function on the flow in a rotating disk. MHD feature
is considered in a disk and graphical analysis has been examined by Pao [8]. The axial flow transport
is declines for the magnetic field. Balachandar and Steett [9] have analyzed the laminar boundary
layer flow through a rotating disk. They employing the spectral collocation scheme for the numerical
simulation results. A series solution of flow in a porous disk has been reported by Kelson and
Desseaux [10]. Jasmine and Gajjar [11] have described the flow convective boundary along a disk.
Turkyilmazoglu [12] have explored the impact of hydromagnetic flow along a disk and conclude that
resonance mechanism transport has stabilizing by magnetic field. By the same author [13] has been
extended this work to a 3D viscous and boundary flow of rotating disk by revoking applied magnetic
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field. Flow feature in the account of porous medium of the same geometry has been scrutinized
numerically by Attia [14]. An analytical solution of heat transfer of a rotating disk has been discussed
by Turkyilmazoglu [15,16]. Rashidi et al. [17] have reported the steady flow and thermal transport
across a porous rotating disk.

The concept nanofluid is originated and pioneered work has been investigated by Choi [18] in the year
1995. The prominent works of nanofluids and its applications have reported in [19-22]. A two-
dimensional (2D) boundary layer analysis of a nanofluid has been discussed by Khan and Pop [23].
The energy and boundary flow of a nanofluid through a disk has been explored by Bachok et al. [24].
The rate of heat transfer is diminished for boosting nanoparticle volume fraction. The interaction of
nanofluid flow in a disk in the presence of heat flux has been investigated by Andrews and Devi [25].
Hydromagnetic steady transport analysis in a porous disk by considering nanoparticles has been
explored by Rashidi et al. [26]. The energy movement of Cu , Al,0; and CuO nanoparticles H,0
based nanofluid has been studied by Yin et al. [27]. The flow governing equations are simplified by
VVon Karman transformations and final equations are resolved through homotopy method. The flow
behaviour and radiative flow of a rotating disk in the presence of dissipation has been explored by
Khan and his co-authors [28, 29]. It is perceived that fluid temperature is boosting by varying thermal
radiation. The flow and non-linear radiation impact on a porous nanofluid disk has been studied
numerically by Upadhya et al. [30]. The numerical analysis on non-linear radiative transport due to a
disk has been assessed by Alsallami et al. [31].

The thermal enhancement for the mono nanofluid (unitary nanofluid) is low as compared to that of
binary composite nano-fluid (Hybrid nanofluid). The hybrid nano-fluids have considerable research
due to the efficiency high in heat transfer mechanism. Asifa et al. [32] have reported the thermal flow
in a rotating hybrid nanofluid CNT + Fe;0,/H,0 disk. It has been perceived that the hybrid nanofluid
of the heat transfer enhancement is high as contrast to that of common fluid. A mathematical analysis
of hybrid hydromagnetic nanofluid along a spinning disk by considering dissipation has been described
by Shoaib et al. [33]. Waqas et al. [34] have reported the radiative and hydromagnetic hybrid nanofluid
flow through a rotating disk. The radial fluid velocity is diminishing for the applied magnetic field.
ljaz Khan [35] have scrutinized the heat transfer enhancement on Darcy-Forchheimer flow in a rotating
disk through hybrid nanoparticles. Aluminium oxide (Al,03) + Copper(Cu) nanoparticles have been
utilized for the preparation of a hybrid nanofluid. Both tangential and radial reduced for escalating the
Darcy-Forchheimer variable along with associated boundary layers. The hybrid Cu -Al,05 nanofluid
with regular water-based fluid is used in this study. They noticed that the temperature field enhances
for Eckert number. Mahesh Kumar and Pranab Kumar [36] have addressed the computational study
on the hybrid nanofluid movement. The hybrid Zinc Oxide-Ag nanofluid flow towards a rotating disk
has been recently examined experimentally by Mousavi et al. [37].

As mentioned of the preceding two paragraphs of literature over the disk geometry, the researchers
have been done on fluid flow and thermal transport of unitary and hybrid nanofluids. The three distinct
nanoparticles are formed by disseminated into base fluid are called the ternary hybrid nanofluids.
Ternary hybrid nanofluids are the new advanced class of nanofluids. The thermal features for tri-hybrid
Cu0 , Al,0; and Cu nanofluid with H,0 in a spinning disk has recently examined by Shahzad et al.
[38]. Alshahrani et al. [39] have scrutinized a steady flow of tri- hybrid carbon nanofluids (CNTS),
Zirconium(Zr0,) and aluminum oxide (Al,03) through a spinning disc. They conclude that the
temperature field boosts for the addition of ternary hybrid nanoparticles. Heat transfer analysis and
flow on a ternary nanofluid along a rotating disk through the linear radiation mechanism has been
analyzed very recently by Shamshuddin et al. [40].

The main objective of the present exploration is to perceive the fluid flow and thermal characteristics
of ternary hybrid nanofluid, hybrid fluid and unitary nanofluid in a base fluid C,Hs0,-H,0 over a
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rotating spinning disk by considering Cattaneo-Christov heat flux and non-linear radiation. The
governing equations are constructed from the Navier-Stokes equations and these are simplified to non-
linear system of ODE’s by utilizing Karman transformations. The Runge-Kutta fourth order numerical
scheme has been utilized for resultant equations and simulate the graphical analysis for the three
nanofluids for the influences of physical flow parameters. Also, the two friction factors and thermal
transfer rate have exhibited tabularly and analyzed for the controlling variables of the present model.
The comparison graphical and tabular results show that ternary hybrid nanoparticles are more helpful
in growing the flow and thermal characteristic factors i.e., fluid velocity and temperature of the fluid
as contrast to the unitary and binary composite nanoparticles. Furthermore, the thermal efficiency for
the tri-hybrid nanofluid is more than the normal hybrid nanofluids.

2. Modeling

A steady and viscous flow of tri-hybrid (CoFe0,-Ag-Ti0,) nanofluid through a rotating disk
with Q as the angular velocity at z —axis is scrutinized. Here the mixture of 40 % Ethylene ( C,H0,)
and 60% water (H,0 ) is employed as a base fluid. It is considered that the velocity components
(u, v, w) in the directions of cylindrical coordinates system (7, ¢, z). In the energy equation, the non-
linear radiation impact has been considered. The applied magnetic field strength B, is applied on the
opposite the fluid flow direction. Fig.1 is exhibited for the physical model and geometrical flow
configuration. In view of the above suppositions, the governing flow equations of are given by [17,
24, 26, 34]
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and the relevant boundary restrictions [17,35] are given by
u=0, v=Qr, w=0, T=T, atz=0
u—->0, v-0 T->T, a z-o (6)
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inwhich 9y s = Behnf | Pthnf » (pcp)thnf’ Othns » kenng o T are represents, kinematic viscosity, heat

Pthnf
capacitance, the density electrical conductivity, thermal conductivity of tri-hybrid nanofluid, the fluid

temperature, &, is the thermal relaxation time, g, is the radiative heat flux.

The radiative heat flux g, for the thermal radiation [34,35] is given by
40*0T* 16 T2 0T @)

T3k ez skoz
Here k™ is the mean absorption coefficient and o* denotes the Stefan-Boltzmann constant.

The thermo-physical properties of nanoparticles Silver (Ag), Cobalt ferrite (CoFe0,),
Titanium dioxide (Ti0,), Ethylene-Water 40:60% base fluid is exhibited in Table 1.

> N

Rorating disk

Fig.1. Physical flow configuration.

Table-1: Thermo-physical characteristics of three distinct nanoparticles and base fluid [44].

Physical Ethylene Glycol EGW Ag CoFeO0, Tio,
characteristics (40:60%)
p 1041.89 10.5 4907 4250
o 5.5x10°® 3.6x10’ 5.51x10° 2.38x10°
5 3421.54 235 700 686.2
k 0.1816 429 3.7 8.9538

The mathematical relations for the thermophysical properties for nanofluid, hybrid nano fluid
and ternary hybrid (tri-hybrid) nanofluid as follows [40,42,44]

Define the following similarity transformations and non-dimensional variables in the governing
modelled equations [24, 35]

d 20
u= er—]; ,v=rQg(Q) ,w=-2 ’Qﬁf f(0),¢ = \/;—fz,P = P + 2Quf £(O)
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T
T =To(1+ (6 — 1)), Oy =7~

By making using equations (8) and (7), it is evident that the equation (1) is satisfied and equations (2)
- (6) are reduced to

N1 nr n 2 N3 I __ (9)
Mf +2ff"+g ]%Mf_o
&”_'_Zf "+ 2_2f/ _&M =0 (10)
Mg g t+g g N, g =

d
6" + RAN,— ([1+ 6({)(6,, — DI? 0'({)) + 2N,NsPrf6’

% (11)

— Pri,(f20" + ff'6") = 0

and dimensionless boundary conditions are

f=0 f'=0,g=1 6=1 atl{=0 (12)
f'-0 g—-0 6-50 a (-

Where M is the magnetic variable, Pr is the Prandtl number, Rd is the thermal radiation parameter,
6,, is the temperature ratio parameter, I is the thermal relaxation time variable, N;, N,, N5, N, and Ng
are constants and are given by

(13)

Bennf o Penng o Tthnp ks _ (pcp)thnf
y IV — yIN3 — Yy IV — 7T/

Ky Pr of ke " (),
The dimensionless surface drag force on the radial and azimuthal directions, and the rate of thermal
transport are defined as

N1=

Re,"*Cf, = N, f"(0) (14)
Re,"*Cg, = Nyf'(0) (15)
Re */*Nu = —%(1 + Rd)[1 + 6(0)(8,, — 1)]36'(0) (16)

Qr? .
Here Re, = 194 is represents local Reynolds number.
f

3. Solution of the Problem

The dimensionless final governing flow equations (9) - (11) are highly coupled and non-linear.
Hence, it is not possible find the exact solutions. Therefore, these coupled systems of ODE’s have
solved numerically by utilizing Rung-Kutta fourth order (R-K-F) numerical procedure.

To assess the utilized numerical scheme for the solving of the dimensionless governing
equations, the comparison of f'(0) for distinct values of M with the published literatures of Mustafa
[41], Rashidi et al. [26], and Waini et al. [43] as shown in Table 2. Itis perceived that a nice agreement
is for the mentioned published research literatures and present results.

4. Graphical Analysis

The physical characteristics of pertinent flow variables on the radial velocity function f'({) ,
azimuthal velocity function g({) and temperature function 6(¢) for three different nanofluids such as
ternary hybrid nanofluid Hybrid nanofluid, and mono nanofluid Cobalt ferrite have been discussed
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through graphically from Figs. 2-8. Also, the impacts of drag force and thermal transport have
displayed for three different models of the sundry flow parameters.

Table 2: Numerical values of f'(0) for different values of M .

M  Mustafa [41] Rashidi etal. [26] Waini etal. [43] Present results

0 0.510186 0.510233 0.510216 0.5102136
1 0.309242 0.309258 0.309258 0.3092564
4 0.162701 0.162703 0.162703 0.1627012
5 0.123541 0.123582 0.123564 0.1235414

The characteristics of M on the three flow distributions are elucidated in Fig.2. It is observed
from Fig.2 that, the radial fluid velocity is reduced for higher applied magnetic field. The physical
reason behind that, the higher magnetic field causes Lorentz forces and which declines the fluid
velocity. The dimensionless radial fluid flow diminished near the rotating disk for magnetic variable
MHere from Fig.3, it is clearly noticed that magnetic field variable declines the azimuthal velocity
function g({). Further, the impact of mono nanofluid (Cobalt ferrite (CoFeO,/EGW) is high for
azimuthal velocity function g(¢). The non-dimensional thermal function 6({) is enhanced for larger
M . Physically, the fluid temperature improves for higher magnetic Lorentz force. The same behaviour
is observed from the literature [34]. The temperature is low for the mono nanofluid. Also, the behaviour
of radial f'({), azimuthal g({) velocities have same for the magnetic variable while the reverse effect
is noted for temperature 6({).
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Fig.2. Variation of M on f'({).
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Table 3: Computation values of radial skin-friction (Cf,.) for different values of M.

Tri-Hybrid

Hybrid

Nanofluid

Nanofluid Nanofluid
0.5 0.396421 0.320581 0.327250
1.0 0.303571 0.247058 0.260310
2.0 0.229428 0.187742 0.204032
3.0 0.191397 0.156917 0.172501

Table 4: Numerical results of azimuthal skin- friction (Cg,.) for different values of M.

Nanofluid

Tri-Hybrid Hybrid

Nanofluid Nanofluid
0.5 1.396486 1.077151 0.893623
1.0 1.898599 1.459163 1.189228
2.0 2.483253 1.897846 1.499916
3.0 2.959847 2.257281 1.761874

Table 5: Numerical results of Nusselt number (Nu) for different values of Rd, 6,, ,and I;.

Tri-Hybrid
Nanofluid

Hybrid
Nanofluid

Nanofluid

0.1 1.2 0.2 0.558213  0.471284  0.404657
0.5 0.792700  0.654384  0.535709
1.5 1.045858  0.849044  0.669613
0.5 0.509073  0.433363  0.379198

1.5 0.717474  0.593856  0.489219

2.0 0.934980  0.755426  0.595028

0.4 0.612452  0.510801  0.427272

0.6 0.604904  0.501917 0.414873

0.8 0.597949  0.493756  0.403369

Fig.5. displays the impact of thermal radiation parameter Rd on non-dimensional temperature 6 ({) for
three different nanofluids. The numerical results of the plot shows that fluid temperature escalates as
the values of Rd increase. The same temperature behaviour to that delineated by [34] and [36]. Also,
the temperature of mono CoFeO, nanofluid with EG-W base fluid is small and it is highest for the tri-
hybrid CoFe0,-Ag-TiO, nanofluid. The behaviour of fluid temperature 6({) for the comparison of
three nanofluids of the temperature ratio parameter 6,, been demonstrated in Fig.6. The intensification
in the temperature of nanofluids as distinguished for boosting estimation of the temperature ratio
variable 6,,. This is because of a large quantity of thermal conductivity to the nano-liquids in the
existence of temperature ratio and which leads to enhancement of temperature. Further, overserving
that the temperature for unitary nanofluid as lowest as contrasted to other hybrid nanofluids. Fig.7
highlight the influence of Prandtl number Pron temperature distribution 6(¢). It is analyzed that the
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growing estimation of reduced the temperature of three nanofluids (mono, Hybrid and tri-Hybrid nano
fluids). This is agreeing as per the physical scenario concept with the published works of [28] and [32].
Fig.8 is plotted to disclose a discrimination in fluid temperature distribution for increasing values of
thermal relaxation variable I'; . It is revealed that temperature is decreased for growing thermal
relaxation variable T;.

Finally, the behaviour of friction factor coefficients Cf, , Cg, and Nusselt number Nu for the
impact of sundry flow physical variables along contrast of three nanofluids with Ethylene Glycol -
Water (EG-W) base fluid has been exhibited in Tables 3-5 respectively. It is evident from Table 4,
that the skin-friction coefficient Cf, is reduced of three distinct types of nanofluids for intensification
of magnetic variable M. it is further note that the hybrid CoFe0,-Ag nanofluid has lower values of
Cf, in comparison with ternary nanofluid. As exceeded values of magnetic variable M, azimuthal
skin-friction Cg, grow for all three nanofluids (see Table 4). It is also concluded that tri-hybrid
CoFe0,-Ag-TiO,nanoparticle is highest in comparison of other nanofluids. A comparative
examination of nanofluids on the Nusselt number to the impact of Rd , 6,, , and T has been displayed
in Table 5. The Nusselt number Nu is boosted for the energy radiation and temperature ratio while
the converse effect for I'; . Furthermore, the ternary nanofluid impact on the rate of heat transfer is
high as compared with other two nanofluids.

5. Conclusion
The physical characteristics of non-linear radiation on ternary (CoFe0,-Ag-TiO,) hybrid
nanoparticles are dissolved in C,Hys0, — H,0 40: 60% base fluid flow through a rotating disk has
scrutinized. The Cattaneo-Christov model is accounted in energy equation to analyze the aspects of
energy relaxation time. The governing equations are modelled and transform to a system of ODE’s by
utilizing Von Karman’s transformations. The final equations are resolved numerically. The main
observations of the present analysis are:
1. The radial fluid velocity f'(¢) is reduced for higher magnetic field.
2. The radial fluid velocity f'(¢) is higher for the unitary CoFeO, nanofluid as contrasted to
other two hybrid nanofluids CoFe0,-Ag-Ti0O,/EGW and CoFeO,-Ag/EGW .
3. The temperature of mono CoFe0, nanofluid with EG-W base fluid of the thermal radiation Rd
is small.
4. The temperature function 6({) is decreased for growing thermal relaxation variable T;.
5. The Nusselt number Nu is boosted for the energy radiation and temperature ratio while the
converse effect for I; .
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