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ABSTRACT

The primary objective of this research is to extend the notion of interval-valued neutrosophic fuzzy
sets (IVNFS’s) to positive implicative ideals (PIlI’s) in BCK-algebra (BCK — A), thereby
introducing interval-valued neutrosophic fuzzy positive implicative ideals (IVNFPII’s) of BCK-
algebra and we establish relationships between interval-valued neutrosophic fuzzy ideals, interval-
valued neutrosophic fuzzy implicative ideals, interval-valued neutrosophic fuzzy commutative ideals
& interval-valued neutrosophic fuzzy positive implicative ideals of BCK-algebra and also
investigating their fundamental properties.
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l. Introduction

BCI/BCK-algebra is a structure of Universal algebras. BCI/BCK-algebraic system developed by
Iseki [7, 8] in 1966, 1978, further extends Imai & Iseki [6]. In 1976, Iseki & Tanaka [9] developed
the ideal theory of BCK-algebra. The notion of fuzzy set introduced by Zadeh [14] in 1965, which
contained the degree of truth membership value and applied to many Mathematical fields. Xi [13]
applied the concept of fuzzy sets to BCK-algebra. Meng et. al., [10] introduced the concept of
implicative and positive implicative ideals of BCK-algebras, and several researchers investigated
further properties of fuzzy BCK-algebra. Atanassov’s [5] introduced new idea of IFS’s which
contained the degree of membership and the degree of non-membership. Atanassov and Gargov [4]
developed the concept of IVNFS’s as a combination of IFS’s and IVFS’s. Neutrosophic logic and
sets introduced by Smarandache [12]. In 2017 Satyanarayana et.al., [11] introduced the concept of
interval-valued intuitionistic fuzzy positive implicative ideals (IVIFPII’s) in BCK-algebras and
investigated some related properties. The authors [1] recently, studied interval-valued neutrosophic
fuzzy hyper BCK-ideals & implicative hyper BCK-ideals of Hyper BCK-algebras and also we [2, 3]
are contributed research on interval-valued neutrosophic fuzzy implicative & commutative ideals of
BCK-algebras and also in this work generalized to n-fold logic within the context of BCK-algebras.
We inspired in this manner to develop interval-valued neutrosophic fuzzy positive implicative ideal
of BCK-algebra.

In this research, we introduce the notion of interval-valued neutrosophic fuzzy positive implicative
ideals (IVNFPII’s) in BCK-algebra (BCK — A), to establish relationships among interval-valued
neutrosophic fuzzy (implicative, commutative and positive implicative) ideals of BCK-algebra and
examine their fundamental properties.

For the sake of brevity, we employ the following abbreviations in this paper:

v BCK — A (or) A: BCK-algebra

v IVIFS - interval-valued intuitionistic fuzzy set
v IVIFI - interval-valued intuitionistic fuzzy ideals
v IVIFPII - interval-valued intuitionistic fuzzy positive implicative ideals
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v NFSA : neutrosophic fuzzy sub-algebra

v NFI : neutrosophic fuzzy ideals

v IVNFS . interval-valued neutrosophic fuzzy set

v IVNFI . interval-valued neutrosophic fuzzy ideals

v IVNFII - interval-valued neutrosophic fuzzy implicative ideals

v IVNFPII - interval-valued neutrosophic fuzzy positive implicative ideals
v IVNFCI - interval-valued neutrosophic fuzzy commutative ideals

. Preliminaries

Subsequent section, we employed a brief overview of the basic notions required for this study. For
the remainder of this paper, 2& will refer to a BCK — A, unless a different meaning is explicitly
stated.

Definition 2.1.[8] Let A be a (# @) set with “ § ” be a binary operation and “ 0 ” be a constant.
Then (2, § ,0) is said to be a BCK — A, if it fulfill the listed properties

(BCK1) (Fag) 8 (FyA))I(AYg) =0,

(Bex2) (fu(fig)dg=0,

(BEx3)fof=0,

(Bex4)05f =0,

(Bex5)fyg=0andgif=0=>f =g, foranyf,g, A € 2.

On the set U, we introduce “ < ” is a binary relation, defined as listed:

f<gefig=0.

InaBCK — A (U, 3 ,0), we have the listed holds true:

(P1) £50=f,

(P2)fog<f,

P3) s A=(03A)Yqg,

(P4) (FyA) G (g3 A)<flg,

(P5)Fs(Fa(fyg))="~1g,

Pe)f<g=>fiA<glAandA §g< AL,

P Eygg<r =>FiA<gV f,gAhe

A BCK — A is called a positive implicative, if (f§ g) § A= (f§ A) § (g 3 A), forall f,g, 4 € 2A.
A (# @) sub-set 3 of A is said to be a sub-algebra of 2, if f§ g €3, when-ever f,g € 3,

an ideal of ¥, if (3;) 0 € Jand (3,)fygandge I =>FeJ,V f,g €,

an implicative ideal, if (3;) and (33) (f 3 (g 8 F)) § £ € T and A4 € T implies that f € 3,

forall f,g, A €U

Positive implicative ideal, if (3;) and (3,) (F2g) 1A €Jandgi AEI>TJAES,

forall f,g, 4 € U.

An IVIFS “ 9 ” over U is an object having the form It = {(If Egﬁ(ff),z’z‘rwt(ff)):ff € QI} where
Eq: A > A[0,1], and &gp: A — A[0,1], the intervals &g () and &gy (F) denotes the intervals

of truth membership degree, and falsity membership degree of the element f to the set 9,

where & () = [Eq(F), &R (D], and &g (F) = [y (F), weh ()], for all £ € A with

the condition [0, 0] < &u(F) + &g (F) < [1,1], for all £ € YA, here A[0,1] is the set of all closed
sub-intervals of [0,1].

An IVNFS “ 9t ” over U is an object having the form M = {(If E%(If),fw(ﬁ),z’ﬁmt(ff)):ﬁ € ?I}
where Eq: A = A[0,1], : A = A[0,1] and &gy: A — A[0,1], the intervals &y (F), @ (F) represents
same as on above and {y (f) represents indeterminate membership degree of the element f to the set
M, here En() = [ (D), ER (D], dn(®) = [0, Gh(D] and Fan(B) = [wig (), wiy(D)], for all
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f € A with the condition [0, 0] < &g (F) + {n(F) + & () < [1, 1], for all £ € A. Our convenience,
we use the symbol 3t = (&, Con, @), here A[0, 1] represents same as above one.

Proposition 2.2.[10] In ¥, the listed are holds, for all f, g, /4 € I,
(F3ATA)I(@IA) <88 TA

(s (e EsA))=>CETA LA

.(IFO(QO(QOIF)))Q<QO(IfQ(gO(gOIF))))SIFOg.

Definition 2.3.[8] An Interval-Valued Intuitionistic (IVIFS) Dt = (&, &) in A is an Interval-
Valued Intuitionistic Fuzzy Positive Implicative ideal (IVIFPII) of ¥, if it fulfills
(IVIFPIy) é(0) = éqp(f), and @yp (0) < @ (),
(IVIFPI) &p(F § A) = min{Ey ((F 8 ) 3 4), Em(s 8 A)},
(IVIFPI3) &y (F 8 A) < max{&n((F 8 g) 8 4),&n(gd A)}, forall f,g,4 € U
Definition 2.4.[3] An Interval-Valued Neutrosophic Fuzzy Set (IVNFS) 0t = (&, o, @an) in A is
an Interval-Valued Neutrosophic Fuzzy Ideal (IVNFI) of , if it satisfies
(IVNFI,) &y (0) = (D), {p(0) = Sp() and &gp(0) < &ap(),
(IVNFIy) & () = min{&m(F 9 9), $m(a)},
(IVNFI3) {p(F) = min{ly(f 2 9), Sm(9)},
(IVNF1,) @e () < max{@y(f § g), @e(g)}, forall f,g,4 € A.
Definition 2.5.[2] An interval-valued neutrosophic fuzzy set (IVNFS) 3t = (&, (o, @) in A is an
Interval-Valued Neutrosophic Fuzzy Implicative Ideal (IVNFII) of 2, if it fulfills
(IVNFII,) ép(0) = Eq(D), {n(0) = n(F) and @y (0) < @y (),
(IVNFII,) &g (F) > min {égﬁ ((Fr(aad) o) ,égﬁ(h)},
(IVNFII) {n(6) = min G ((£2 (a3 D) 8 4), Gn()},
(IVNFIL,) Gy (f) < max @ ((F8 (@ 8D) 8 4), Fn(A)}, forall £,6,4 € A.
Definition 2.6[2]. An interval-valued neutrosophic fuzzy set (IVNFS) 3 = (&g, {o, @) in A is an
Interval-Valued Neutrosophic Fuzzy Commutative Ideal (IVNFCI) of ¥, if it fulfills
(IVNFCIy) 5 (0) = Ean(F), & (0) = G (F) and & (0) < By (),
(IVNFCI,) & (£ 2 (a8 (a8 D)) = minféy((£ 1 0) 8 4), én(A)},
(IVNFCI3) & (£ (a8 (a8 D)) = min{{n((F 8 0) 8 4), Gm(A)},
(IVNFCL) &y (£0 (a0 (6 8 D)) < max{@n((F 0 ¢) § 4), Bn(A)}, forall 6,4 € U
Theorem 2.7.[2] Let M = (&, {on, @) be an interval-valued neutrosophic fuzzy ideal (IVNFI) of
U, if f<gin, then En(M) = En(9), dn(M) = dn(a) and @y(F) < @p(a), ie., &n, {m and &y
are reversing order and preserving order.
Theorem 2.8.[2] An interval-valued neutrosophic fuzzy subalgebra (IVNFSA) Bt = (&g, {an, &) is
a neutrosophic fuzzy ideal (NFI) of A & for fgAEYU fig<hA = En(f)>
min{&p(g), ém(A)}, fm(F) = min{{(g), {m(#)} and &g (F) < max{@w(g), @ (4)}.
Theorem 2.9.[2] Let M = (&, {on, @) be an interval-valued neutrosophic fuzzy ideal (IVNFI) of
2. Then listed are interchangeable.
0t is an interval-valued neutrosophic fuzzy implicative ideal (IVNFII) of .
Sm(D) = (£ 8 (69 D), {m(D) = dm(F 2 (g 2 H) and
(D) <Bp(fi(gih), VvV f,g4€
(D) = ém(F 2 (g8 D), {n(F) = Gu(F 2 (g2 ) and

e &
Uy g o
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() =&p(fi (i), Vv g
Theorem 2.10.[2] Let A be an Implicative BCK-algebra; then every interval-valued neutrosophic
fuzzy ideals (IVNFI) of 2 is an interval-valued neutrosophic fuzzy implicative ideals (IVNFII) of 2L.

Z <
Uy g o

I11.  Interval-Valued Neutrosophic Fuzzy Positive Implicative Ideals in BCK-algebra

In this section we developed the concept of interval-valued neutrosophic fuzzy positive implicative
ideals (IVNFPII) in 2 and also proved their related definition, counter examples and theorems.
Definition 3.1. An interval-valued neutrosophic fuzzy set (IVNFS) Dt = (&g, (o, @an) in A is an
interval-valued neutrosophic fuzzy positive implicative ideals (IVNFPII) of 2, if it fulfills
(IVNFPIy) 3(0) = &q(£), g (0) = i (F) and &y (0) < &y (D),

(IVNFPI,) ég(F 8 A) = min{ép((F 8 g) § A), Em(s 8 A)},

(IVNFPI3) i (F § A) = min{{p((F 2 ) @ £),{n(a 8 A},

(IVNFPI,) &y (f 8 ) < max{&p((F 8 g) 8 4), &n(g 8 A)}, forall f,g,4 € AU

Example 3.2. Consider & = {0, q4, q2, g3} in which “}” is defined in the listed Cayley table

0 1019119293
0[0]0]0]O0
9119110 1q | O
9219219210 |0
93 193 192191 | O
Then (%, 3 ,0) is a BCK — A. Define an IVNFS M = (&g, {an, &) in A by

Em(0) = Iy, Em(qr) = L1, $m(q2) = Em(qz) = L, (m(0) = 7o, {m(q1) = T,

¢m(qz) = (Sm(%) = 5 and @y (0) = fly, Tyr(q1) = iy, wﬁm(‘lz) = @n(q3) = M,
where I, > I, >lz,r0 >7 >t and i, <, <fly,and [0,0] < I; + 7 +7; < [1,1]
for i = 0,1,2. Then 3t is an IVNFPII of A.

Theorem 3.3. An interval-valued neutrosophic fuzzy positive implicative ideals (IVNFPII)
M = (&g, Can, @an) OF A must be an interval-valued neutrosophic fuzzy ideals (IVNFI).

In general, converse of Theorem 3.3 may not be hold good, see the below counter example.
Example 3.4. Consider 2 = {0, q4, 93, g3, 4} With the Cayley table below

@ 10191192(93]|9a
0/,0]0[0]0]0O0
9119110 1g: [ O
9219219210 [ 0
93 |93 | 93 |93 | O
4 | 94 [ 94 | 94 | 93
Define an IVNFS Dt = (&g, {n, @) in A by

{im(o) = ly, Siﬂﬁ(‘h) =1y, Siﬂﬁ(CIz) = Siﬁm(CIs) = Siﬁm(%) =1,

$m(0) = 7o, Cm(q1) = 71, $m(q2) = ¢m(qs) = {m(qs) = 75 and

5932(0)~= ﬁg, 53}3(‘?1) =y, Bm(q2) = Ba(qs) = Bp(qs) = T~l~z,

where [, > 1; > 1,, 7y > 7, >, and ip < iy <, and [0,0] < [; + 7 +@; <[1,1], fori =0,1,2.
Simple calculations gives that 3t is an IVNFI of &, but it is not an IVNFPII of U, because

Em(qs ¥ q3) = I, < Iy = min{&p((q4 8 93) 8 q3), Em(qs 8 93)},

In(qa 0 q3) =7, <7y = min{&m((% % q3) { q3),5m(q3 0 Cls)} and

@Dan(qs § q3) = i, > fig = max{z’frgm((% 9 q3) 9 CI3)'5’§U¢(Q3 9 %)}-

Theorem 3.5. Let M = (&g, Con, @an) be an IVNFPII of A, then &y, {oy and &y are order reversing
and preserving.

(e} el e} fan)
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Proof: This theorem proof follows from Definition 3.1 & Theorem 2.7.

Theorem 3.6. If A is positive implicative BCK-algebra (PI-BCK - A), then an IVNFI must be an
IVNFPII.

Proof: Follows from Theorem 2.10.

Proposition 3.7. Let M = (&, (g, @) be an IVNFI of L. Then

i:im(ff fg)= min{{sm(ff 0 h),sfim(ﬁ 9 9)},

$(F 8 ¢) = min{d (F 2 ), G (4 8 9)} and

Proposition 3.8. Let M = (&g, {an, @) be an IVNFI of ¥, then M is an IVNFPII of A <
Em(E 8 0) = En((F89)8g) ln(fia)=Cm((fg)dg)and&pn(f i g) < @n((fig)dg)
v f,g,4 €U

Theorem 3.9. Let M = (&g, o, @an) be an IVNFI of A. Then

M = (&, S, @an) is an IVNFPII of A & E(F 8 g) = Eq((F 2 0) 8 9),

(T 98) ={m((F0)8g)and Tp(fog) =Fn((f28)8g)V fgAeL

Theorem 3.10. Let Mt = (&, {an, @an) be an IVNFI of 2. Then

M = (&g, Cn, @) is an IVNFCI of A & &y (ff 9 (gt (gt ﬁ))) =En(f 8 g),

n(F2(a8(@9M))=Cn(rg)and @y (2 (a8 (@IN))=Fn(Eie)Vighec
Theorem 3.11. An IVNFI M = (&g, {an, &) Of A is an IVNFII & 9t is both an IVNFCI and an
IVNFPII.

Proof: Suppose that 0t = (&g, o, @an) is an IVNFII of L. By (2.2(i) and 2.8), we have

min{ép((F 8 ) § 4),ém(a d A)} < En((F T A) 3 A)
= ¢ém ((If g #) 8 (F8(F2 h))) (by 2.2(ii))
= Eq(F 8 A) (by 2.9(iii))
min{Zp((£ 3 8) § 4), {m(a 8 A)} < Im((E 3 A) 8 4)
S ((ff 9 A) 8 (F0(F3 h))) (by 2.2(ii))
(i (F 2 A1) (by 2.9(ii))
and

max{&y((f 8 g) 8 A), Fm(gt A)} = (3 4) 8 A)
=@ (24 1 (F2 (FOA)))  (by2.2(i)
= ag(f 2 A) (by 2.9(iii))
Hence, & (F 8 £) = min{ép((F 8 9) 8 A), &n(s 8 A)},
I (£ 8 A) = min{dp((F 8 ) 8 4),{m(s 8 A)}and
Fp(F 3 A) < max{Bp((F8g) 8 A),Fnlgd A)}, Vg4 €A
Therefore, M = (&, {an, &) is an IVNFPII of .
And by Theorem’s 2.7, 2.9(iii) and 2.2(iii), we get

EnT09) <ém(Fo (st @oD))e(s0(Fa(areen)))=tn(re(st(eem))
fmz(ﬂ’ﬁg)ﬂm(ﬁc(go(goff)))o(go(ﬁo(go(goﬁ)))) Zm (3 (a8 (a2 M))and

B 10) = Bn(F1 (a8 (1D))3 (g 0 (fo(at (gM)))) =&n (2 (a0 (@1 D)).
It follows that 9t = (&g, {an, @) is an IVNFCI of 9.
Conversely, assume that I = (&g, {on, @) is both IVNFPI1 and IVNFCI of 2.

2 &
g on®
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Since, (g2 (a9 D)8 (g8 H) <Y (g8 1), VFge A Itfollows that

En((a2@ID) 2 (a2 D)= En(fe (a2 D),
e ((g 0(g9M)2(g? If)) > {m(f 2 (g9 ) and

Bu((60@ID) (a2 0H) <ER(1 (a1 D).
Using, Theorem 3.8[2], we get

in((a0@tD) @) =En(at @2 D),
Zn((60@¥D) 2 (a2 D)={Cu(ad (a2 0)and
Bu((60@I0) 1 (@1D)=an(al (g1 D).

D s
g o=

Hence,
Em(fo(@iD)<&n(sd (D), fm(fa(atD)<ln(sd(gdM)and

Fn(f2(@10H)=am(s8 (@2 DH)...(d)
On the other hand, since f § g < £ 3 (g § ), we have

Em(29) = ém(F2(s2M), fn(fFdg)=m(Fa(g0M)and
(8 g) <@n(fy(ge ).

Since, M = (&, {an, @) is an IVNFCI of 2, then by Theorem 3.10, we have
in(09) =i (0 (30 (g0 M))
Cm(F 8 9) = {m (ff 9(sd (g If))) and

Fn(00) = am(F0 (a0 (a0 D)),
Therefore,

Em(f0 @0 D)=én(f0 (a0 2 M))
n(f2 (a2 6)=Cn(F2(ad (a8 M))and

Combining, (i), (ii) and Dt = (&g, Can, Tan) be a NFI of A, we get
En(F0 (30 D) < min{&n (F0 (0 00 D)), ém(s0 (30 D)} < fm(D),
¢m(F 2 (g9 ) < min {Z&m (f 9(sd (g ﬁ))),fgm(g 9 (g8 If))} < Zp(f) and

By (f 9 (a9 D) 2 max{Fy (2 (a8 @ID)),Fnlad @ DH)} = Eu®.
By Theorem 2.9, M = (&y, {an, &) is an IVNFII of A
Theorem 3.12. Let 3 < A and M = (&y, {an, &) be an IVNFS in A defined by
. Vo, if FEF O, if FES ~ Gy, If FEJ
Sm(B) = {}71, otherwise’ S() = {51, otherwise and Gy () = {51, otherwise’
VEeW where0 <, <7, 0<6,<8y,0<6,<d andy; +6; +6 <1, where
7i = lvivitl, 8; = [67,61], 6; = [o7,0;t] for i = 0,1. Then the listed conditions are
interchangeable:
I = (&p, Can, @) is an IVNFII of 2.
.3 isan Il of 2.

Corollary 3.13. Let 3 < 2 and M = (&g, {an, &) be @ NFS in A defined by

.o (1, if fe 5 .. (1, if feI. .. . (0, if fES
$m(B) = {O, otherwise’ S() = {O, otherwise and Gy () = {1, otherwise '’
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Vv ff € 2. Then the listed conditions are interchangeable:
1.0t = (&g, Cn, @an) is an IVNFI1 of 2.
ii.J3 isan Il of A.
Theorem 3.14. A is implicative < every IVNFI of 2 is an IVNFII.
Proof: Suppose that 2 is an implicative-BCK-A(I-BCXK - A).
Assume that M = (&, {an, &) is an IVNFI of 2, then for any s,%,v € [0,1], U(&m; &),
U(G; £) and L(&g; ) are either empty (or) ideals of A. And so for any &%, & € A[0,1],
U(ém; 8), U(Gns £ ) and L(&gn; ) are either empty (or) II’s of . By Theorem 3.12[2], we have
DM = (&g, G, @) is an IVNFII of 2.
Conversely, suppose that in an implicative BCK-algebra, every IVNFI of 2L is an IVNFII.
Let S be an ideal of . NFS Dt = (&, o, @an ) defined by
. Vo, If FET 0o, If FESJ ~ Gy, If FEJ
$m(f) = {]71/,0 otherwise’ () = {Sllo otherwise and &g (F) = {51,0 otherwise
VEeU where0 <7, <75, 0<6,<8,,0<6,<6andy; +6 +6;, <1,
where 7; = [y;,vi'], §; = [67, 871, 6, = [o7, 07 ] for i = 0,1.
It is easy to see that M = (&g, (o, @) is an IVNFI of . By converse hypothesis,
M = (&g, an, Do) is an IVNFII of 2. We have S is an implicative ideal of .
This shows that every ideal of 2 is an implicative ideal of 2.
Corollary 3.15. For a BCK — A the listed conditions are interchangeable :
1.2 is implicative.
Ii.Every ideal of 2 is implicative.
iii.Every IVNFI of 2 is an IVNFII.
iv.Every IVNFI of 2 is both an IVNFCI and IVNFPII.
Similarly, we can prove the cases of IVNFCI and IVNFPII of 2. We omit the proof.
Theorem 3.16. If M = (&g, {an, @) is an IVNFI of A with the listed conditions hold

£ (F 0 9) = min {&n (T2 9) 0 6) 8 4), Em(A)},
i.Gm (T 0 ) = min {G (((F 2 6) 8.) 0 ), Gm(A)},
i By (F 0 0) < max {@o (((F20) 26) 0 4),Bn(A)},V Fo4 €A

Then 3 is an IVNFPII of 2.
Proof: Assume that I = (&g, {an, @) is an IVNFI of 2, with the following conditions.

En(F 2 6) = min{&n (((F2a) 20) 2 4), En(a)},

Zn(8 0 8) 2 min {Z (((F 0 0) 9 0) 0 4), Gm(A) } and

By (f 0 0) < max (@ ((F2 ) 06) 1 4),Bn(A)} VEgAE.
Using (P3) and (P4), we have

(Famoa)a@am)<(@EoA) 2g=(F10)0AVEGAE.
Hence, by Theorem 3.6, we get,

in((Fam)an)e(aah)=En((FRa)d )

n (((F2A)2A) 0 (a0 4)) = Zn((F 0 0) 0 4)and

By ((E3A) TA) 2 (a0 A)) < Bn((E 8 6) 8 4).
It follows from hypothesis, we get

Z <
Uy g o
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Em(E 8 £) = min &y ((E24) 2 A) 0 (a2 4)),Enlat A))
> min{ép((f § 0) 8 £),&m(g d A)},

Zn(E 9 ) 2 min{Zy ((F2A) 24) 0 (50 4)), Cnla 2 A)}
> min{ly((F 2 @) 8 4), fm(a 8 A},

and
By (F 4 A) < max{@y, (((F24) 94) 3 (@1 A)), Bnls d A)}]
< max{@p((f 2 g) § £), Bn(gd A)}, Vg A €A
Therefore, Mt = (&g, o, @an) is an IVNFPII of 2.
Theorem 3.17. Let M = (&, {an, @) be an IVNFI of 2, then Dt is an IVNFPII of A <
iL&n((F8A) 8 (g8 A)=En((FYg)tr)
il.Cm((F 9 A) 8 (g8 A)) = (T8 g) 8 A)and
ii.Gn(((3A) (g3 A)) <&n((fig) i A),VEgheN
Proof: Assume that I = (&, {an, @) is an IVNFI of 2 and fulfills the below conditions
En((f2A) 2 (@A) = En((FUg) D A),
I((FA) 8 (68 A)) = (T8 g) 8 A)and
Fu((fyA) (@A) <&R((fig) s A),VEghEeN
Hence, &g (F 3 4) = min{&y((F 1 4) 3 (a3 4)),&nla § A))
> min{ép((F § g) ¢ £),Em(g 2 A)},
(£ 3 A) = min{{p((F 2 A) 3 (g 8 A)), fm(a 2 A)}

> min{n((F 8 9) 8 £), dm(s 3 A},
and

Fp(F 3 A) < max{Bp((F 3 A) 1 (g3 A)), Tn(gd A)}
< max{&@p((f 8 g) § 4), &n(g 8 A)}, Vg A €U
Therefore, M is an IVNFPII of 2.
Conversely, suppose that 0t = (&g, {gn, @an) is an IVNFPII of A = M = (&g, {an, )
isan IVNFI of 2. Let f,g,4 € Abesuchthatp =f§ (g0 A)andq =0 g,

since, ((If 3 (g8 A)) 8 (F0 g)) <gt(gy#A), wehave
(v o 4) =& (((F2 01 A) 11 0)) 0 4)
>én (a2 @A) 4)
= &nr(0) [By (BCK1), (BCK3) and (P3)]
and so, & ((F o A) 8 (g8 A)) =E&n ((If 9 (g8 A)) 1 /L)
= ésm(P}? #) )
= minfy((p 2 @) 8 4), ém(p 8 A)}
= {nin{fzm(o),fsm(p 5 A)}
=Sm(p 0 A)
=én((f 1) 0 A).
Hence, éqn((F 3 A) 8 (a8 A)) = én((Fig) 8 A), Vg A€

(P2 a) 2 A) =&m(((ffa (goh))o(ﬁog))m>
> (a8 (0 4)) 8 4)
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= {n(0) [By (BCK1), (BCK3) and (P3)]

andso, Cm((FTA) 0 (a0 A))="Cn((F0(a0h)DA)

= {p(p o4) i

> min{lp((p 8 @) § 4), {n(p 3 A)}

> fflin{fim(o),fm(n 3 A)}

= m(p 4 A)

=n((E3g) 8 A).
Hence, {p((F 8 A) 8 (g8 A)) = Cn((fdg) 8 A), VT g Ae
Fu((piq) §£A) = &y (((If 9 (g8 A)) 8 (Fg g)) ) h)

B ((at @2 A)2A)
&n(0) [By (BEK1), (BCX3) and (P3)]
&

((ff 0 (a0 h))DA)

I IA

and so, &p((F8A) 8 (g8 A)) =

< max{@p((p 8 q) § A), Fp(p & A)}
< max{&y(0), Ty (p § A)}

Hence, &p((f 8 A) 8 (g8 A)) <&p((f8g) 8 4), VEghEL
Therefore, &y ((F8A) § (g8 A)) = En((F 3 g) § A),

In((F8A) 8 (g0 A))={n((fg) 8 A)and

(s A) 8 (g8 A) <@dR((Fog) tA),VEghAEN

Theorem 3.18. Let Mt = (&g, o, @) be an IVNFS of . Then Mt is an IVNFPII of A < the
nonempty upper 3-level cut U(&py; &), the nonempty upper £ -level cut U(Cy; £) and the

nonemptylower 7-level cut/:(ﬁmz; 4~r~) are PII’s of U, for any &, £, & € [0, 1].
Note: (i) 2(0) = K(0) = & (0) = £z (0), {m(0) = {x(0), B (0) = & (0).
(i) M € K& = Sp(f) = $x(0), G () = (g (D), By () = Tg(), Vv F € A

Theorem 3.19. (Extension property for an interval-valued neutrosophic fuzzy positive implicative

ideal (IVNFPI1))

Let M = (&g, o, @) and & = (&g, {a, @) be two IVNFI’s of A such that M(0) = K(0) and

M C K. If W is an IVNFPII of U, then so is K.
Proof: Assume that M = (&g, {on, @) is an IVNFPII of A

E((@ema@am) e (g an))

= & ((ffM)Q((ffog)M))o(gM)) [By (P3)]

Eq If()(([f()g)(}h) 0%)0(g0h)> [By (P3)]

IV

Sm<(1f<§((1f<§g)m) /L)Q(
sm((ffc;((ffzﬁg)m) g)Q
éor((

=én((Fom o (Frg)ah))0A

IV

\_/\_/LD

[By (P3)]
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=&n(((Fa ) 24) 3 ((F2 ) 3 4)) [By (P3)]
= &n(0) = £x(0). [By (BCK3) and Supposition]
It follows from (IVNFI1) and (IVNFI2) that

(@m0 (g a)zmin{s((FTA) 2 (a1 4) T (E10)04)).E((FT0) 0 A))

> min{¢x(0), $((F 2 9) § £)}
=&x((Fag)aA), VEghe
Hence, Ex((F 8 A) 8 (g8 A)) = Ex((F 8 g) 8 A), forany f,g, A4 € A

G((ema@om)e(@ag i)
= {a (((If 9 A) 8 ((F8g)8d h)) 9 (g0 h)) [By (P3)]

Gl((re(Eraan))e h) X h)) [By (P3)]

IV

IV

$m “((ff(ﬁg)bh))bg>(§h>

In((E2A) 8 (F20)aA))0 h) [By (P3)]

=lm ((F20) 84) 8 ((F2 0) 8 4)) [By (P3)]
= {n(0) = 2z (0). [By (BCK3) and Supposition]
It follows from (IVNFI1) and (IVNFI3) that

G(@am o @oa)zmin{ls(((Faa)a@am)o((Foa)dh)),da(oa)oh)

> min{{s(0), {&((F ¥ 0) 3 4)}
={a((F2g) 3 A), Vg hAE
Hence, (g((F 8 A) 8 (g8 A)) = {a((F 8 ) & 4), forany f,g, 4 € U, and

e (2 m) 8o A) 1 ((F10) 1 1))
= @ (((ff 648 ((F20)84)) 8 (a3 h)) [By (P3)]

g(( fo((fag)yh) 0%)0(5}0%)) [By (P3)]

(¢

W( fQ((ff(ﬁg)M))M)Q@M)) [ & € Cx]
a((
fu(

im<(1f<§((1f;>g)<u@) h)o(;;o%)) [ & S Bl
m((ffﬁ((Mg)M) og)m>
(

(Fam)a(Fra)an))s h) [By (P3)]
=& (((F20) 2 4) 2 ((F30) 8 4)) [By (P3)]

= @y (0) = @g(0). [By (BCK3) and Supposition]

It follows from (IVNFI1) and (IVNFI4) that
Fa((FaA) T (g8 A))
< max (&g ((F3 ) 3 (@I A) 8 (E20) 8 4)), Ba((E00) 0 A)}
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< max{&@x(0), Fa((F 2 ) & A)}

=&x((f8g) 8 A), Vg hEU
Hence, &g ((F 8 A) 8 (g8 A)) < Ta((Fig) 8 4), forany f,g, 4 € .
Therefore, & = (&g, {s, @) is an IVNFPII of 2.

IV.  Conclusion

In this research we successfully discussed the primary notion of interval-valued neutrosophic fuzzy
positive implicative ideals (PI1) in . Further, we discussed the relationships between interval-valued
neutrosophic fuzzy ideals (IVNFI), interval-valued neutrosophic fuzzy implicative ideals (IVNFII),
interval-valued neutrosophic fuzzy commutative ideals (IVNFCI), and interval-valued neutrosophic
fuzzy positive implicative ideals (IVNFPII) of 2, then we given some counter examples and also
investigated their fundamental concepts.
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